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Abstract. In this article, we make use of convex analytic functions H,(z) =
[1/(1 — a)]log[(1 — az)/(1 — 2)], @ € R, |a] < 1, a # 1 and starlike analytic functions
Ly(z) = z/[(1 = b2)(1 — 2)], b € R, |b] < 1, to construct univalent harmonic functions
by means of a transformation on some normalized univalent analytic functions. Besides
exploring mapping properties of harmonic functions so constructed, we establish sufficient
conditions for their harmonic convolutions or Hadamard products to be locally univalent
and sense preserving, univalent and convex in some direction.

1. Introduction

Let A(D) be the set of analytic functions f defined on the open unit disc D =
{z € C: |z| < 1} such that f(0) =0 and f/(0) = 1 and denote by S C A(D) the usual
class of univalent functions in A(D). Obviously for f € S, f'(z) # 0 for any z € D.
Let K, S* and C be subclasses of S consisting of convex, starlike and close to convex
functions, respectively. Furthermore, denote by S5 the subclass of K consisting of all
those functions f for which zf’ also belongs to K.

We consider two analytic functions

1 1-—
H,(2) :mlog 1_0;'2, a€R, |a|<1,a#1 (1)
z
d L =, beR, <1 2
an &) =gy PER IS )
It is known (see [2]) that H, is a convex univalent function for |a| < 1, a # 1 and
obviously, the function Hy(z) = —log(1 — z) belongs to the class Sy. Furthermore,

Ly € S* (see [8]), Ly is the well known Koebe function and Ly is the right half plane
mapping.
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2 Construction of univalent harmonic mappings

Our main motive in this article is the construction of locally univalent and sense-
preserving harmonic mappings using the properties of H, and L;. A complex-valued
function f = w + iv is said to be harmonic in D if » and v are real harmonic in D.
A harmonic function f can be represented as f = h + g where h and g are analytic
in D. Furthermore, a harmonic function f = h 4 g is locally univalent and sense
preserving in D, if and only if A/(2) # 0 in D and the second complex dilatation (or
simply dilatation) of f, defined by w(z) := ¢’(z)/h'(z), in D has modulus less than
one. The “only if ”part of this condition is a result of Lewy [3] (see also Clunie and
Sheil-Small [1]). We denote by Sy the class of univalent harmonic functions f = h+g
such that h(0) = g(0) = A'(0) — 1 = 0 and |¢'(0)] < 1. If ¢’(0) = 0, we denote the
class of functions f = h+g € Sy by SY.

A domain Q C C is called convex in the direction o (0 < o < ) if the intersection
of Q with any line parallel to the line through 0 and the point e’® is either empty or
an interval. A function f € Sy is called convex in the direction of « if it maps D
onto the domain convex in the direction of . For f € Sy, if f(D) is convex in the
direction of the imaginary axis (o« = 7/2), then f is said to be convex in the direction
of the imaginary axis. Similarly, f € Sy is said to be convex in the direction of the
real axis if f(ID) is convex in the direction of the real axis (o = 0).

For two analytic functions f(z) = >_°" ja,2" and F(z) = > -, A,2" we denote
their convolution or Hadamard product by f x ¢ and define it as: (f * F)(z) =
Yoo o anAnz". The convolution (or harmonic convolution) of two harmonic functions

n

f=h+gand F = H+G, is denoted by f*F and is defined as: f¥F = hxH+g *G.

In 2012, Stacey Muir [4] defined a transformation Ty[f], A > 0, of functions f € S
given by Th[f](z) = f(Z)Jlriif,(z) + f(z)ziif'(z), z € D and proved that Th[f] € Sy
and is convex in the direction of the imaginary axis if and only if f € K. The present
authors in [9], generalized this transformation as

_ S+ AR [)(2) | f(z) = A= f)(2)
Canlfl(z) = T A + T\ ,
where f,h € S and A > 0; and established the following result:

z €D, (3)

THEOREM 1.1. Let f,h € S and for A > 0, let Cy,[f] be defined as in (3). Then
Cnlf] is locally univalent and sense preserving in D if and only if

Re(W)>O, z € D.

For f € K, they established the univalence of Cy p,[f], = 1,2, 3,4, where hq, ha, hs, ha

are given by
o0 o0 o0

n=1 n= n=1 n=1
As (hi* [)(2) = 2 ( ), s0 Cxn [f}( ) = Talf](2). Moreover (ha * f)(z ) [f(2) +
P2 (ha » 1)) = PO and (ha P(3) = (272) J7 £
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In this paper, we explore the properties of harmonic functions

JE&) + MHa 1)) |, T=NHa D))

Cxm,[fl(2) = T e )
and Ca.,[f1(2) _fE)+ f\(f;* N f- AgLJi :f)(z) | 5

where A > 0, f € S and where H, and L, are given by (1) and (2), respectively.
We also find conditions on f and ¢ such that harmonic convolutions of C) g, [f] and
Ch,1,lg] are locally univalent and sense preserving, univalent and convex in some
direction.

2. Main results

We shall need the following two lemmas to prove our main theorems.

LEMMA 2.1 ([6]). Let ¢ and G be analytic in D with ¢(0) = G(0) = 0. If ¢ is convex
and G is starlike, then for each analytic function F satisfying R(F(z)) > 0 in D, we

have
(1) FG)(2) .
%{ W*G)(2) }>0’ €D

LEMMA 2.2 ([1]). Let a harmonic mapping f = h+ g be locally univalent in D. Then
f is univalent mapping of D onto a domain convex in the direction of a, 0 < a < T,
if and only if h — €*'®g is a univalent analytic mapping of D onto a domain convex
in the direction of a.

THEOREM 2.3. Let f € S and H, be as given in (1). If

f(z) = flaz)
R| 0 D 6

H255G e sen ©
then Cx g, [f] defined by (4) is locally univalent and sense preserving in D. If f € K,
then Cx u,[f] € Su and is convex in the directions of both the real and the imaginary
azes.

Proof. From Theorem 1.1, C g, [f] is locally univalent and sense preserving in D if
R [%} > 0. Since z(H, * f)/(2) = zH! (2) * f(z) = = [ —aE 4 £ } x f(z) =

(2) l1—a |1—az 1—z

[%}, then R [(H‘}T(Z);(Z)] = [(fl(fng;,“(zz))] > 0 in view of (6). Hence the first

part of theorem is proved.

Furthermore, it is known that if f € K then (6) is satisfied. This is, in fact,
provided by [6, Lemma 4.2 (with h = k there)] (also see [5, (2.105) on p. 86]). Hence,
if f € K, then Cy g,[f] is locally univalent and sense preserving in D. Now, to
complete the proof, let Cy g, [f](z) = f(z)+)‘1(f;*f)(z) + f(z)_kl(f)‘f*f)(z) = H(2)+G(2).
Then H(z) — G(z) = %(Ha * f)(z) and H(z) + G(z) = H%\f(z) It is well known
that the class K is closed under convolution, so f € K and H, € K imply that H — G
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and H + G are convex in the direction of the real axis and convex in the direction
of the imaginary axis, respectively. Therefore, from Lemma 2.2, we conclude that

Ch.m,[f] is convex in the directions of both the real and the imaginary axes. U
If we take a = —1, the condition (6) is equivalent to
22f'(z) }
n| -0, 7
7~ 1(-2) "

and such functions are known as starlike with respect to symmetric points. If S%
denotes the class of all functions sarlike with respect to symmetric points, then it is
known that K C S§ C C (see [7] for more details) Also

(Ho1x f)(z / 1) =10 d¢

implies that H_; * f is convex as f(z) — ) is starhke in D for f € S§. Therefore,
from Theorem 2.3 along with Lemma 2. 2 we get the following result.

THEOREM 2.4. Let f € S% and H_(z) = $log 2. Then C y_,[f] € Sy and is
convez in the direction of the real axis.

We present the following example to illustrate our result.

EXAMPLE 2.5. Take f(2) = fo(2) = 2z + 23/3 which is univalent as Rf;(z) > 0 in D.
Also it is easy to verify that fy satisfies inequality (7), i.e, fo € S&. Thus by above
theorem Cy g ,[fo] € Sy and is convex in the direction of the real axis. The image
of D under Cs 5, [fo] is plotted in Figure 1.

Figure 1: Image of D under Cs m_, [fo]

Furthermore, in the case a = 0, the condition (6) reduces to §R[ 7 2)} > 0, or

equivalently, R [Z;E(‘;)} > 0, which implies that f € S*. Moreover, (Hg * f)(z) =

fo ¢)/¢]d¢ shows that Hy * f is convex in D for f € S*. Therefore, we get the
followmg result.
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THEOREM 2.6. Let f € S* and Hy(z) = —log(l — z). Then Cx p,[f] € Su and is
convez in the direction of the real axis.

We invite the reader to compare Theorem 2.6 with the case i = 3 of [9, Theorem 3.3].

EXAMPLE 2.7. Let F(2) = z/[(1 + 2/4)(1 — 2)] = L_1,4(2). Then F € S* and so,
by Theorem 2.6, C g, [F] € Sg and is convex in the direction of the real axis. In
Figure 2 we have plotted the region on which D is mapped by the function

2 5 2 14+2z/4
Co.s,Ho[F}(Z)—g (1+Z/4)(12)+510g[ L=z }

z 2 1+2/4
a0 -2 _5104 1—2 ”

/
05 /

0.0

-05f N B
\

-1.0 -05 0.0 05 10

Figure 2: Image of D under Co 5, #, [F]

THEOREM 2.8. Let f € S and Ly be given as in (2). If

['(z) —bf'(bz)

e R )
then Cy, 1, [f], defined by (5), is locally univalent and sense preserving in D. Further-
more, if f € Sa, then Cx r,[f] € Su and is convex in the directions of both the real
and the imaginary azxes.

Proof. In view of Theorem 1.1, Cj r,[f] is locally univalent and sense preserving in

D if § {%} > 0. On the other hand, (Lbf*,{gl)(z) = f/((fl;)l}f,/((zb)z). Hence, in view

of (8), Cx r,[f] is locally univalent and sense preserving in D. Furthermore, we have

(Lo 1) _ s o @ {(2) ()}

i) 2f'(2) 2f1(2) % ( 2

11—z
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Now R (1/(1 —bz)) >0for |b| <1, zf € K as f € Sy and z/(1 —2) € K C S*. Thus
by Lemma 2.1 we get that R[(Ly = f)'(2)/f'(z)] > 0 for f € Sz, which in turn implies
that C) ,[f] is locally univalent and sense preserving in D. Furthermore, let
2)+ MLy x f)(z z) = XMLy f)(z —
Craalfie) = LA NC)  TENLAC _ g, o
Then H(z) —G(z) = 2A/(1+ N)] (L * f)(2) and H(z) + G(z) = [2/(1+ N)]f(z). Now
f € So implies that zf’ € K and so z(Ly * f) = Ly * 2f' € S*. Thus Ly * f and f
both are in K and consequently H — G and H + G are convex in the direction of the
real axis and convex in the direction of the imaginary axis, respectively. Therefore,
from Lemma 2.2, we have Cj 1, [f] is convex in the directions of both the real and
the imaginary axes. O

REMARK 2.9. Note that the above result does not hold true for f € K and this can
be easily seen by considering the function
1 z z Z Z
C _ 1-— = - —
1,2/(1 22)[Z/< Z)](Z) 2 172_'_1722—’_172 1 — 22

It is evident from Figure 3 that this function is not even univalent in .

L
-0.5 0.0 0.5

Figure 3: Image of D under C, ,,;1_.2y[2/(1 — 2)]

REMARK 2.10. If b approaches to 17, then bz approaches to z. Therefore we get

1o\ bt 2(f2)=f=) PN
" [f (2) bf, (bz)] - [ (o J'(2) - [(zf (/z)) (z)} (as b5 1°)
(1=0)f"(2) f'(z) f'(z)
However, since R [%} =R {1 + Z]{//;g)} > 0, for f € K, in the limiting case

when b — 17, we obtain the following: For f € K, Cx ,[f] € Su and is convez in
the direction of the imaginary azis (compare with [4, Theorem 3.2]).
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EXAMPLE 2.11. Taking f(z) = fa(z) = —log(1 — z) and b = —1 in (8), we have
f’(z)bf'(bz)} [fé(Z)Jrfé(Z)} < 1 )
R|¥—0—r—r——— | =R | = =R — ] >0,

{ (1=0)f"(2) 2f3(2) 142
for z € D. Also fo € So, so Theorem 2.8 implies that C ,_,[f2] € Sy and is convex

in the directions of the real as well as the imaginary axes. The region Cio 1,_, [f2](D)
is depicted in Figure 4.

-2

L L L L
0 1 2 3 4

Figure 4: Image of D under Cio,1_, [f2]

The convolutions or Hadamard products of harmonic functions remain an active
subject of study nowadays as almost nothing significant in general is known in this
area unlike the case of analytic functions which is now a well explored domain of
knowledge. We present the following results on harmonic convolutions related to the
present investigation.

THEOREM 2.12. Let F; € K and Fs € So. Then, for A\, 2 > 0, =1 < a < 1,
—1<b<1, Cx m,[F1]%Cx, 1, [F2] is locally univalent and sense preserving in D.

Proof. We write C, g, [F1]¥Ch, 1, [F2](2) = M(z) + N(z), where
(F1%F)(2)+ M (Hox F1xFo) (2)+ A2 (Lpx F1xF3) (2)+ A1 Ao (Hox Ly« Fy1 x Fo) (2)
(T4 A1) (1+ Xo)
(Fl*FQ)(Z)f/\l(Ha*Fl*FQ)(Z) )\2(Lb*Fl*FQ)(Z)+)\1>\2(Ha*Lb*F1*F2)(Z)
(T+X)(1+ X)) ’
First, we note that M and N are analytic in D. Moreover M'(0) = 1 implies that M’
is not identically zero on D. Therefore, W (z) = N'(z)/M’(z) is analytic, considered
as defined in D and any singularity is isolated. We will show that |[W(z)| < 1 for all
those z € D where W is defined. This in turn will show that W has only removable
singularities on . Then, we may define W on all of D and by using Maximum
Principle, conclude that |[W(z)| < 1 for z € D which proves that M + N is locally
univalent and sense preserving in D.

M(z)=

N(z)=
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For all z € D where W (z) = N'(z)/M’'(z) is defined, we have |[W(z)| < 1 if and

only if R [ {7 A0 | > 0. Now,

[M’(z) — N’(z)] _ [Al(Ha * Fy o+ ) (2) + Mo (L x Fy * Fg)’(z)}
M'(z) + N'(z) (Fy x F5) (2) + MAo(Hg * Ly * Fy % Fp)'(2)

9)

:)\1%[ (Ho * Fy * F5)'(2) ]

(Fy % F9)'(2) + MA2(Hg * Ly x Fy * F3)'(2)
(Ly * Fy x F3)'(2) ]
(F1 * FZ)/(Z) + )\1)\2(Ha * Lb * Fl * FQ)/(Z)

+)\2%|:

Note that

%|:(Ha*F1*F2)/(z>:| _ (E*E)(@*Mm
(Fl*Fz)/(Z) (Fl*Fg)(Z)*ﬁ

(P Ba)(2) + { (%) (0—32)}] .

(Fy * Fy)(2) = ﬁ

Now Fy € K, F5 € S; C K implies Fy x F5 € K and R[(1 — 2)/(1 — az)] > 0 for all a,
—1<a< 1. Soin view of Lemma 2.1, we get

[(H, x Fy * F)'(2)

N ERG)

} > 0. (10)
Furthermore,

R [(Lb * F) * FQ)/(Z)] g [ 2(Fy + Fy)'(2) * (1_1)5(1_2)] >0

(Fl * Fg)/(z) Z(Fl * Fg)/(z) * 1iz

because of Lemma 2.1, as z(Fy x F») = Fy xzF) € K (Fy € S3) and R[1/(1—02)] > 0
for all b, —1 < b < 1. On the similar lines we can easily show that

(11)

(Ha*Fl *FQ)/(Z)
%[(Ha*Lb*Fl*FQ)/(Z):l >0 (12)
(Lo+Fi x B2
and R [(Ha *bLb *1F1 *QFQ)/(Z)} 0. (13)

Now, since A1, A2 > 0, from (9), (10), (11), (12) and (13), we get
M AT/
() -NG)] _
M'(z) + N'(z)
THEOREM 2.13. Let Fy, Fy € K and A, Ay be positive real numbers. Then, for —1 <
a <1, Cx, g, [F1]¥Cx, 1, [F2] € S and is convex in the direction of the real azis.

Proof. Let Cy, m,[F1]¥Cx,, 1, [F2](z) = X(2) + Y (2). Using the similar argument as
in the proof of Theorem 2.12; it is sufficient to prove that for all those z € D where

Y'(2)/X'(z) is defined, we have R {%} > 0. Now,

[X/(z) + Y’(z)} - {(Fl * ) (2) + M Ao (Hy * Hy x Fy % Fy)'(2)
X'(z2) =Y'(2) (M + X)) (Hy x Fy * Fy)/(2)
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_ 1 R (Fy * F3)'(2) n A1 A2 R (Ho x Hy % Fy % Fy) (2) (14)
A+ A [(Hy x Fy+ Fy)(2) AL+ A2 (Ho * Py % Fy) (2)
Note that
%{&Q*E*Fw%@}:% (F1* F2)(2) * =aa=
(Fl * FQ)/(Z) (Fl * FQ)(Z) * (1_ZZ)2
(R B+ { (£2) (o) }

=R
(P F)(2) + { e |
Now Fy,Fy € K imply that Fy « F» € K and R[(1 — 2)/(1 — az)] > 0 for all q,
—1<a < 1. So, in view of Lemma 2.1, we get

[(H, x Fy * Fg)'(z)]
R >0
L (FixF)'(2)
or equivalently,
[ (FL = F)'(2)
. 1
Mm@ " (15)
Following similar steps, we easily get
[(Hy * Hy x Fy % Fy)'(2)
. 1
R (Hy * Fy x F)'(2) >0 (16)
Since A1, A2 > 0, from (14), (15) and (16), we get
[ X'(2) +Y'(2)
R X5 -V (2) > 0.

This implies that |Y'(z)/X'(2)| < 1 and hence Cy, u, [F1]*Ch,,u, [F2] is locally univa-
lent and sense preserving in D. Moreover, X (z) —Y (z) = %(Ha * Fy ) (2)
and H, * Fy * Fy € K implies that Cx, g, [F1]¥Cx, 1, [F2] € Sy and is convex in the

direction of the real axis (in view of Lemma 2.2). This completes our proof. O

THEOREM 2.14. Let Fy, F5 € Sy, and A1, Ay > 0 be real numbers. Then, for —1 <
b <1, Cx r,[F1]*Cx,. L, [F2] € Su and is convez in the direction of the real axis.

R(z) + S(z), then it is easy to verify

Proof. If we write C, r,[F1]*Ch, 1, [F2](%)

that
R(z) — (Fl * FZ)(Z) + ()‘1 + )\2)(Lb * I+ FZ)(Z) + )\1)\2(Lb x Ly % P % FQ)(Z)
(L4 A1)+ A2)
S(z) = (F1 x F5)(2) — (A1 + Ao)(Lp * Fy * F)(2) + A Aa(Lp x Ly * Fy * Fg)(z)

14+ 2)1+X2)

By the similar argument as in the proof of Theorem 2.7, Ci, r,[F1]¥Ch,,r,[F2] is
locally univalent and sense preserving in D if for all those z € D, where S’'(z)/R/(2)
is defined, we have |S’(z)/R/(z)| < 1. But this is equivalent to showing that for all



10 Construction of univalent harmonic mappings

such z € D,
R'(2) + 5'(2)
o A SN ) 17
Fere 1
Now, following the same steps as in the proof of Theorem 2.13 and noting that
F1,Fy, € Sy imply that Ly « Fy « Fy € So C K and Ly x Ly x Fy « Fy € K, we
can prove that (17) is true. The remaining part of the proof follows using Lemma 2.2,

because R(z) — S(z) = %(Lb « [y« Fy)(z) and Ly * Fy x Fy € K. U

From Theorem 2.3 we note that Cy g,[F1] € Sy is convex in the direction of the
imaginary axis (also in the direction of the real axis) if F; € K and Theorem 2.8
provides us that Cy 1, [F2] € Sy and is convex in the direction of the imaginary axis
(also in the direction of the real axis) if F» € Sy. In the following theorem we show
that for particular choices of a and b, we can obtain even better result (in comparison
to Theorem 2.12) as we can allow F5 to be in a larger class K (instead of S2) to get
the following theorem.

THEOREM 2.15. Let Fi,Fy € K, and A, Ay be positive real numbers. Then

Chy 1o [F1]¥C, 1, [F2] € Su and is convex in the direction of the imaginary azis.

Here Hy = —log(1 — 2) and Ly = z/(1 — 2)2.

Proof. If we write Cx, m, [F1]%Ch, .1, [F2](2) = P(2) + Q(z), then

1 + Al/\g)(Fl * FQ)(Z) + Al(Fl * F2 * Ho)(Z) + )\Q(Fl * Fg * Ll)(Z)
T+ A)(1+ A2)

and Q(Z) _ (1 + )\1)\2)(F1 * FQ)(Z) — )\1(F1 * FQ * Ho)(Z) — )\Q(Fl * FQ * Ll)(Z) )

(T+2A)(1+ A)
Applying the similar argument as in the proof of Theorem 2.12, C, p,[F1]¥Ch,.L, [F2]

is locally univalent and sense preserving in D if for all those z € D where Q’(z)/P’(z) is
defined, we have |Q'(z)/P'(z)|<1, or equivalently, if for all such z € D,

R [%} >0. Now, we observe that

[P’(z) — Q’(z)] _ [)q(Fl * Fy x Hy)'(2) + Ao (Fy % Fy Ll)’(z)]
P(z2) +Q'(2) (1 + AA2)(F1 x F2)/(2)

P(z) = (

- 1 Jr)\;lx\z§R [(Fl(;’ff;;;?i)(zq 1 +)\;1A2§R [(Fz;}Fj;gf’l(?z)(Z)] (18)
Note that
(FsFax L] _ [ R {(#2) () }
" { (Fi*F2)'(2) } - (Fy » F2)(2) * (1() ) >0, (19)

in view of Lemma 2.1, as F} « F» € K and R[(1 + 2)/(1 — z)] > 0 for z € D. In the
same way, we have

%[(Fl*FQ*HO)’(z)} - 20)

(F1 % Fo)'(2)

Therefore, from (18), (19) and (20), we get £ [%} > 0as A1, A2 > 0. Now, to
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complete the proof, we note that P(z)+Q(z) = %(Fl xFy)(z). But F1*Fj is
convex in the direction of the imaginary axis as F; xFy € K so, in view of Lemma 2.2,

Ch, .1y [F1]¥C, 1, [F2] € Sy and is convex in the direction of the imaginary axis. U

We conclude this paper by stating the following result which, although a little bit
out of context here, is interesting in its own right. Its proof runs on the same lines as
that of Theorem 2.15 and hence is omitted.

THEOREM 2.16. Let Fi,Fy € K and A, o > 0 be positive real numbers. Then
Cry by [F1)%Cy 0, [F2] € Su and is convex in the direction of the imaginary azis.

Here ha(z) = (1/2)[2/(1 = 2) + /(1 = 2)?] and ha(z) = (2/2) [; ¢/(1 = ¢) dC.
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