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COVERINGS, ACTIONS AND QUOTIENTS IN CAT1-GROUPOIDS

Sedat Temel and Osman Çan

Abstract. The aim of this paper is to present the notions of actions and coverings of
cat1-groupoids and to prove the natural equivalence between their categories. Moreover, in
this context, we characterize the quotient concept of cat1-groupoids. Finally we extend these
notions to catn-groupoids which are groupoid version of catn-groups.

1. Introduction

There are various 2-dimensional notions of groupoids such as 2-groupoids, double-
groupoids, and crossed modules over groupoids. It is known that crossed modules over
groupoids are categorically equivalent to 2-groupoids [7, 11] and to double groupoids
with thin structures [18]. In this context, the notion of cat1-groupoids as a new 2-
dimensional version of groupoids was introduced in [12, 21] and it was proved that
crossed modules over groupoids are equivalent to cat1-groupoids. Since a groupoid
with a single object is a group, cat1-groupoids can be regarded as the groupoid case of
cat1-groups defined by Loday [13] (see also [6]). It is well known that the categories
of cat1-groups and of crossed modules over groups are naturally equivalent. This
equivalence is useful for extending crossed modules to higher dimensions.

Studies of covering groupoids play an important role in applications of groupoids
[3, 10]. The categorical equivalence between the category Cov(Gpd)/G of covering
morphisms of a certain groupoid G and the category Act(Gpd)/G of groupoid actions
of G on sets is well known (for the topological version, see [8]). Brown & Mucuk [4] ex-
tended this equivalence to group groupoids (i.e., 2-groups [2], G-groupoids [5], or group
objects in the category of groupoids). This result was adapted to internal groupoids
in the category of groups with operations [1], to Leibniz algebras setting [19], to
categorical groups [16] and rings [17].

The quotient concept of groupoids is constructed in [3, p. 420] and [10, p. 86]. Re-
cently, normal and quotient objects in the category of crossed modules over groupoids
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have been characterized and compared with the corresponding objects in 2-groupoids
[20] and double groupoids with thin structures [18] using the categorical equivalences
between them.

The aim of this manuscript is to introduce the notion of coverings and actions
of cat1-groupoids and to prove the categorical equivalence between their categories.
In [21], the normal subcat1-groupoids are obtained via normality in groupoids and
compared with normal objects in crossed modules over groupoids by using the equiv-
alence between these two categories. However, there is a gap in this equivalence with
respect to quotient structures. In this paper, we also study the quotient concept of
cat1-groupoids. Finally, we introduce the notions of catn-groupoids as a groupoid case
of catn-groups and then study coverings, actions, normality and quotient concepts in
catn-groupoids. The results presented in Section 3 originated in the thesis [9].

2. Preliminaries

A groupoid G = (G0, G) consists of the classG0 of objects, the classG=
⋃

x,y∈G0
G(x, y)

of morphisms, whereG(x, y) is the class of morphisms from x to y as follows: x
g // y

with the source and target maps d0, d1 : G → G0, respectively, such that d0(g) =
x, d1(g) = y, the associative composition map G(y, z) × G(x, y) → G(x, z), (h, g) 7→
h ◦ g and the identity morphism map ε : G0 → G, x 7→ 1x ∈ G(x) (where G(x) is the
set of morphisms from x to x) such that g ◦ 1x = g, 1x ◦ g′ = g′, where d1(g

′) = x and
the inverse mapping η : G1 → G1, η(g) = g−1 is such that g ◦ g−1 = 1y, g

−1 ◦ g = 1x.
We write StGx for d−1

0 (x) and call it the star of G at x ∈ G0. Briefly a groupoid is a
small category in which all morphisms are invertible. For further details, see [3, 15].

A subgroupoid H of G is a subcategory H of G such that h ∈ H implies h−1 ∈ H.
We say H is wide if H0 = G0. Let G be a groupoid and N be a wide subgroupoid of
G. Then N is called normal if g ◦N(x)◦g−1 ⊆ N(y), i.e g ◦N(x) = N(y)◦g, for each
x, y ∈ G0 and g ∈ G(x, y) [3]. Given a normal subgroupoid N of G, then N defines an
equivalence relation on the objects of G by x ∼ x′, for x, x′ ∈ G0, if and only if there
is a morphism n of N such that d0(n) = x, d1(n) = x′. These equivalence classes
are denoted by [x] and the set of equivalence classes by G0/N . Here N defines an
equivalence relation on morphisms of G by g ∼ g′, for g, g′ ∈ G if and only if there
are morphisms m,n of N such that g = m ◦ g′ ◦ n. Since N is a subgroupoid of G,
∼ is an equivalence relation on G. These equivalence classes are denoted by [g], for
g ∈ G and the set of equivalence classes by G/N . Then G/N = (G0/N,G/N) is a
groupoid, where the structure maps are defined as follows

d0([g]) = [d0(g)], d1([g]) = [d1(g)], 1[x] = [1x], [g]
−1

= [g−1]

and the composition is defined by [g1]◦[g]=[g1◦n◦g], where d0(g1)∼d1(g), d0(n)=d1(g)
and d1(n)=d0(g1). For more details see [14, p. 9], [10, p. 86] and [3, p. 420].

Let G, G̃ be two groupoids and p : G̃ → G be a morphism of the groupoids. If for
each x̃ ∈ G̃0 the restriction StG̃(x̃) → StGp(x̃) is bijective, then p is called a covering



S. Temel, O. Can 3

morphism of groupoids and G̃ is called a covering groupoid of G [3].

Let p : G̃ → G and q : G̃′ → G be two covering morphisms of groupoids. A morphism
p̃ : G̃ → G̃′ such that qp̃ = p is called a morphism of coverings of G. Thus, coverings
of G and their morphisms form a category which we denote by Cov(Gpd)/G.

Corollary 2.1 ([3]). A 1-connected covering groupoid of G covers every covering
groupoid of G. This covering groupoid is called a universal covering groupoid of G.

Let G be a groupoid, S a set, and ω : S → G0 a mapping. An action of G on S via
ω is a mapping Gd0

×ω S → S, (g, s) 7→ g � s where Gd0
×ω S = {(g, s) | d0(g) = ω(s)}

satisfies the following conditions:
(AC1) ω(g � s) = d1(g), (AC2) 1ω(s) � s = s,

(AC3) (h ◦ g) � s = h � (g � s),
when h ◦ g and g � s are defined. This action of G on S via ω is denoted by (S, ω). We
also say that G acts on S via ω or S is a G-set [3].

Given such an action, the semi-direct product (S, S⋉G) is defined as a groupoid.

Morphisms here are pairs (s, g) as s
(s,g) // g � s , where the composition of morphisms

is defined by (g � s, h) ◦ (s, g) = (s, h ◦ g). Given such a groupoid, the projection
p : S ⋉ G → G , (s, g) 7→ g is a covering morphism, where p on objects is given by
ω : S → G0. For more details see [3, p. 374].

Let G act on S and S′ via ω and ω′, respectively. A morphism f : (S, ω) → (S′, ω′)
of such actions is a mapping f : S → S′ such that ω′f = ω and f(g � s) = g � f(s)
whenever g � s is defined. Therefore, actions of G on sets and their morphisms form a
category denoted Act(Gpd)/G.

3. Cat1-groupoids

In this section we recall the notion of cat1-groupoid from [21]. Then we obtain cov-
erings, actions and quotient concepts of cat1-groupoids.

Definition 3.1. Let G = (G0, G) be a groupoid, σ, τ : G → G be groupoid morphisms
which are identities on objects. A cat1-groupoid is a triple (G, σ, τ) satisfying the
following conditions:
(C1Gd1) στ = τ and τσ = σ

(C1Gd2) h◦k◦h−1◦k−1=εd0(h), for all h ∈ Ker(σ), k ∈ Ker(τ) such that d0(h)=d0(k).
Here Ker(σ) = {g ∈ G | σ(g) = εd0(g)} and Ker(τ) = {g ∈ G | τ(g) = εd0(g)} are
totally disconnected and wide subgroupoids of G on the base object set G0.

Example 3.2. Given a cat1-group (G, s, t) and a set X, we obtain trivial cat1-
groupoid G=(X,X×G×X), where σ(x, g, y)=(x, s(g), y) and τ(x, g, y)=(x, t(g), y).

Proposition 3.3. Given a cat1-groupoid (G, σ, τ), we have
(i) σ(G) = τ(G), (ii) σ and τ are identities on σ(G) and τ(G),
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(iii) σ2 = σ and τ2 = τ .

Definition 3.4. Let (G, σ, τ) and (G′, σ′, τ ′) be two cat1-groupoids and let f : G → G′

be a morphism of groupoids such that the following diagram is commutative.

G
σ //
τ
//

f

��

G

f

��
G′ σ′

//
τ ′
// G′

Then, f is called a morphism of cat1-groupoids. Therefore, cat1-groupoids and their
morphism form a category which we denote by Cat1-Gpd.

3.1 Coverings and actions of cat1-groupoids

In this subsection we introduce the notions of actions and coverings of cat1-groupoids.
Then we prove the natural equivalence between their categories.

Definition 3.5. Let (G, σ, τ), (G̃, σ̃, τ̃) be two cat1-groupoids and p : G̃ → G be a

morphism of cat1-groupoids. If for every x̃ ∈ G̃0 the restriction StG̃(x̃) → StGp(x̃)

is bijective, then p is called a covering morphism of cat1-groupoids and G̃ is called a
covering cat1-groupoid of G.

Note that the underlying groupoid G̃ is a covering groupoid of the underlying
groupoid G and thus p is a covering morphism of groupoids.

Remark 3.6. Let G̃ be a covering cat1-groupoid of G. Then, we easily obtain that
pσ̃ = σp, pτ̃ = τp from the following diagram

G̃
σ̃ //
τ̃
//

p

��

G̃

p

��
G

σ //
τ
// G

Definition 3.7. Let (G, σ, τ) be a cat1-groupoid and p : G̃ → G, q : G̃′ → G be two

covering morphisms of G. A morphism p̃ : G̃ → G̃′ such that qp̃ = p is called a
morphism of coverings of G. Thus, the coverings of G and their morphisms form a
category which we denote by Cov(Cat1-Gpd)/G.

Definition 3.8. Let (G, σ, τ) be a cat1-groupoid, S a set, and ω : S → G0 a mapping.
An action of G on S via ω is a mapping Gd0 ×ω S → S, (g, s) 7→ g � s, where
Gd0 ×ω S = {(g, s) | d0(g) = ω(s)} satisfies the following conditions:
(AC1G1) ω(g � s) = d1(g), (AC1G2) 1ω(s) � s = s,

(AC1G3) (h ◦ g) � s = h � (g � s), (AC1G4) σ(g) � s = g � s, and τ(g) � s = g � s
if h ◦ g and g � s are defined. This action of G on S via ω is denoted by (S, ω). We
also say that G acts on S over ω or S is a cat1-G-set.
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Note that the underlying groupoid G acts on S via ω. Under such an action,
the semi-direct product cat1-groupoid ((S,G⋉S), σ̃, τ̃) is defined as a cat1-groupoid,
whose underlying groupoid is the semi-direct product groupoid (S,G ⋉ S), where
σ̃(g, s) = (σ(g), s), τ̃(g, s) = (τ(g), s). So the projection p : G⋉ S → G is a covering
morphism of cat1-groupoids.

Corollary 3.9. A cat1-groupoid whose underlying groupoid is connected has a uni-
versal covering cat1-groupoid.

Definition 3.10. Let S and S′ be cat1-G-sets over ω and ω′ respectively. A morphism
f : (S, ω) → (S′, ω′) of such actions is a mapping f : S → S′ such that ω′f = ω and
f(g � s) = g � f(s) whenever g � s is defined.

Therefore, the actions of a cat1-groupoid G on sets and their morphisms form a
category which we denote by Act(Cat1-Gpd)/G.

Theorem 3.11. Let (G, σ, τ) be a cat1-groupoid. Then the category Cov(Cat1-Gpd)/G
is naturally equivalent to the category Act(Cat1-Gpd)/G.

Proof. A functor θ : Act(Cat1-Gpd)/G → Cov(Cat1-Gpd)/G is an equivalence of

categories. Let (S, ω) be an object of Act(Cat1-Gpd)/G. Then θ(S, ω) = (G̃, σ̃, τ̃) is
a covering cat1-groupoid of G, where G̃0 = S, G̃ = G ⋉ S = {(g, s) | d0(g) = ω(s)},
σ̃(g, s) = (σ(g), s), τ̃(g, s) = (τ(g), s). Here the source and target maps are defined
by d0(g, s) = s, d1(g, s) = g � s, respectively,and the composition of the morphisms
is given by (g1, s1) ◦ (g, s) = (g1 ◦ g, s) with s1 = g � s. The identity map is defined
by ε(s) = (1ω(s), s), where the inverse of (g, s) is defined by (g, s)−1 = (g−1, g � s).
The covering morphism p = (p0, p) is defined such that p0(s) = ω(s) and p(g, s) = g.
Since σ(g) � s = g � s and τ(g) � s = g � s are from (AC1G4), σ̃ and τ̃ are identities on
objects. Thus, we can prove that the conditions (C1Gd1) and (C1Gd2) are satisfied.

(C1Gd1) Since σ̃τ̃(g, s) = σ̃(τ(g), s) = (στ(g), s) = (τσ(g), s) = τ̃(σ(g), s) =
τ̃ σ̃(g, s), then σ̃τ̃ = τ̃ . Similarly τ̃ σ̃ = σ̃.

(C1Gd2) Since Ker σ̃ = {(g, s) | σ̃(g, s) = εd0(g, s)} = {(g, s) | σ(g) = 1ω(s)} and
Ker τ̃ = {(h, s′) | τ̃(h, s′) = εd0(h, s

′)} = {(h, s′) | τ(g) = 1ω(s′)}, we get g � s =
σ(g) � s = 1ω(s) � s = s, h � s′ = σ(h) � s′ = 1ω(s′) � s′ = s′ and thus (g, s)−1 =
(g−1, s), (h, s′)−1 = (h−1, s′). Let s = s′. Then d0(g, s) = d0(h, s

′). So (g, s) ◦ (h, s) ◦
(g, s)−1 ◦ (h, s)−1 = (g ◦ h ◦ g−1 ◦ h−1, s) = (1ω(s), s).

Let f : (S, ω) → (S′, ω′) be a morphism of Act(Cat1-Gpd)/G. Then θ(f) =
(f, 1G × f) is a morphism of Cov(Cat1-Gpd)/G.

Let p = (p0, p) : (G̃, σ̃, τ̃) → (G, σ, τ) be a covering morphism of cat1-groupoids.
We define a functor ψ : Cov(Cat1-Gpd)/G → Act(Cat1-Gpd)/G as a weak inverse

of θ, such that ψ(G̃, p) = (G̃0, p0) is an object of Act(Cat1-Gpd)/G. An action of G

on (G̃0, p0) is given by g � x̃ = d1(g̃) where x
g // y , x̃

g̃ // ỹ and p(g̃) = g.

(AC1G1) p0(g � x̃) = p0d1(g̃) = p0(ỹ) = y = d1(g).

(AC1G2) 1p0(x̃) � x̃ = 1x � x̃ = d1(1̃x) = x̃.

(AC1G3) (h ◦ g) � x̃ = d1(h̃ ◦ g̃) = d1(h̃) = h � (g � x̃).
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(AC1G4) Since σ̃ is identical on objects, we can write d1(g̃) = d1σ̃(g̃). Since
pσ̃ = σp, we can write pσ̃(g̃) = σp(g̃) = σ(g). Therefore, we obtain g � x̃ = d1(g̃) =
d1σ̃(g̃) = σ(g) � x̃.

Let p̃ = (p̃0, p̃) : G̃ → G̃′ be a morphism of Cov(Cat1-Gpd)/G. Then ψ(p̃) =

p̃0 : G̃0 → G̃′
0 is a morphism of Act(Cat1-Gpd)/G.

It is easy to verify that ψθ ∼= 1. To show 1 ∼= θψ, define a natural equivalence
ξ : 1cat1-Gpd/G → θψ via a map ξG̃ such that it is identical on objects and ξG̃(g̃) =

(p(g̃), d0(g̃)) for g ∈ G. Since p is bijective, ξ−1

G̃
can be defined and ξG̃ preserves the

composition: ξG̃(h̃ ◦ g̃) = (p(h̃ ◦ g̃), d0(h̃ ◦ g̃)) = (p(h̃) ◦ p(g̃), d0(g̃)) = (p(h̃), d0(h̃)) ◦
(p(g̃), d0(g̃)) = ξG̃(h̃) ◦ ξG̃(g̃), for g̃, h̃ ∈ G̃. □

3.2 Quotient cat1-groupoids

In this subsection we recall the notions of subcat1-groupoids and normal cat1-groupoids
from [21]. We then obtain the quotient concept of cat1-groupoids.

Definition 3.12. A subcat1-groupoid (G′, σ′, τ ′) of a cat1-groupoid (G, σ, τ) is a sub-
groupoid G′ = (G′

0, G
′) of G = (G0, G) such that σ′, τ ′ are respectively restrictions of

σ, τ on G′. We say G′ is wide if G′
0 = G0. If G′ is a normal subgroupoid of G, then

(G′, σ′, τ ′) is called normal subcat1-groupoid of (G, σ, τ).

Theorem 3.13 ([21]). Given a cat1-groupoid (G, σ, τ) and a crossed module (A,B, ∂)
over groupoids corresponding to G, the category NC1Gd/(G, σ, τ) of the normal subcat1-
groupoids of (G, σ, τ) is equivalent to the category NCmg/(A,B, ∂) of the normal
subcrossed modules of (A,B, ∂).

We now construct the quotient concept of cat1-groupoids in the following theorem.

Theorem 3.14. Let (G, σ, τ) be a cat1-groupoid and (N , σ, τ) be a normal subcat1-
groupoid of (G, σ, τ). Then the quotient groupoid G/N is a cat1-groupoid with the
following functors σ([g]) = [σ(g)], τ([g]) = [τ(g)], where [g] is an equivalence class in
G/N . This cat1-groupoid

(
G/N , σ, τ

)
is called quotient cat1-groupoid.

Proof. Since σ and τ are identities on objects, σ(N(x)) = N(x) and τ(N(x)) = N(x),
for any x ∈ G0. Then we can prove that σ and τ are functors as follows:

σ([g1] ◦ [g]) =σ([g1 ◦ n ◦ g]) = [σ(g1) ◦ σ(n) ◦ σ(g)] = [σ(g1)] ◦ [σ(g)] = σ([g1]) ◦ σ([g]),
σ([1x]) =[σ(1x)] = [1σ(x)] = [1x],

and similarly, τ([g1] ◦ [g]) = τ([g1]) ◦ τ([g]) , τ([1x]) = [1x], where s(g1) ∼ t(g) and
s(n) = t(g), t(n) = s(g1).

(C1Gd1) Since σ τ([g]) = σ([τ(g)]) = [στ(g)] = [τ(g)] = τ([g]), then σ τ = τ .
Similarly τ σ = σ.

(C1Gd2) Since Kerσ = {[g] | g ∈ Kerσ} and Ker τ = {[g] | g ∈ Ker τ}, we get
[g1] ◦ [g] ◦ [g1]−1 ◦ [g]−1 = [g1 ◦n ◦ g] ◦ [g−1

1 ◦n1 ◦ g−1] = [g1 ◦n ◦ g ◦n2 ◦ g−1
1 ◦n1 ◦ g−1]

for g1 ∈ Kerσ, g ∈ Ker τ , where n, n1, n2 ∈ N(x) and d0(g1) = d0(g) = x. Since
N is normal, then [g1] ◦ [g] ◦ [g1]

−1 ◦ [g]−1 = [g1 ◦ n ◦ g ◦ n2 ◦ g−1
1 ◦ n1 ◦ g−1] =

[g1 ◦ g ◦ g−1
1 ◦ g−1 ◦ n ◦ n2 ◦ n1] = [1x ◦ n ◦ n2 ◦ n1] = [1x]. □
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3.3 Catn-groupoids

In this subsection we define catn-groupoids by extending the definition of catn-groups
to the notion of groupoids. Once the notions of catn-groups and cat1-groupoids are
known, it is easy to obtain coverings, actions, normality and quotient concepts for
catn-groupoids.

Definition 3.15. Let G = (G0, G) be a groupoid, σi, τi : G → G be 2n functors
which are identities on objects. A catn-groupoid (G, σi, τi) is a groupoid satisfying
the following conditions for i, j ∈ {1, 2, . . . , n}, i ̸= j.

(CnGd1) σiτi = τi, τiσi = σi,

(CnGd2) σiσj = σjσi, τiτj = τjτi, σiτj = τjσi,

(CnGd3) hi ◦ ki ◦ h−1
i ◦ k−1

i = εd0(hi), for all hi ∈ Ker(σi), ki ∈ Ker(τi) such that
d0(hi) = d0(ki).

Each catn-group can be viewed as a catn-groupoid with a unique object. Another
example is obtained by using a trivial groupoid as in Example 3.2.

Theorem 3.16. The category Cov(Catn-Gpd)/G of coverings of G is naturally equiv-
alent to the category Act(Catn-Gpd)/G of actions of G, where (G, σi, τi) is a catn-
groupoid.

Proof. The idea of the proof is to show that the functors of Theorem 3.11 extend to an
equivalence of categories. Therefore, we define the functor θ : Act(Catn-Gpd)/G →
Cov(Catn-Gpd)/G such that, given an object (S, ω) of Act(Catn-Gpd)/G, θ(S, ω) =
(G̃, σ̃, τ̃) is a covering catn-groupoid of G via the process of proving Theorem 3.11,
where σ̃i(g, s) = (σi(g), s), τ̃i(g, s) = (τi(g), s). We only check if the condition (CnGd2)
is satisfied. Since

σ̃iσ̃j(g, s) =(σiσj(g), s) = (σjσi(g), s) = σ̃j σ̃i(g, s),

τ̃iτ̃j(g, s) =(τiτj(g), s) = (τjτi(g), s) = τ̃j τ̃i(g, s),

σ̃iτ̃j(g, s) =(σiτj(g), s) = (τjσi(g), s) = τ̃j σ̃i(g, s),

we have σ̃iσ̃j = σ̃j σ̃i, τ̃iτ̃j = τ̃j τ̃i and σ̃iτ̃j = τ̃j σ̃i. Other details are straightforward
and therefore omitted. □

Theorem 3.17. Let (G, σi, τi) be a catn-groupoid and (N , σ, τ) be a normal subcat1-
groupoid of (G, σi, τi). Then the quotient groupoid G/N is a catn-groupoid with the
following functors σi([g]) = [σi(g)], τi([g]) = [τi(g)], where [g] is an equivalence class
in G/N . This catn-groupoid

(
G/N , σi, τi

)
is called quotient catn-groupoid.

Proof. Following the proof of the Theorem 3.14, we show only the condition (CnGd2).
Since σi σj([g]) = σi([σj(g)]) = [σiσj(g)] = [σjσi(g)] = σj([σi(g)]) = σj σi([g]), then
σi σj = σj σi. Since τi τj([g]) = τi([τj(g)]) = [τiτj(g)] = [τjτi(g)] = τj([τi(g)]) =
τj τi([g]), then τi τj = τj τi. Since σi τj([g]) = σi([τj(g)]) = [σiτj(g)] = [τjσi(g)] =
τj([σi(g)]) = τj σi([g]), then σi τj = τj σi. □
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