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SOME IDENTITIES FOR GENERALIZED HARMONIC NUMBERS

S. Koparal, N. Omiir and K. N. Siidemen

Abstract. In this paper, we derive some nonlinear differential equations from generating
function of generalized harmonic numbers and give some identities involving generalized
harmonic numbers and special numbers by using these differential equations. For example,
for any positive integers N, n, r, a and any integer m > 2,

S(n+Nr+ lz1 m i—l+m-—2 Nigt
S o P9 9 NS N (e P
7=0 i=0 [=0 2=0 k=0
X S1(N,r—k+1)Si(n—4,k)H(z,7—1,a)
where S1 (n, k) is Stirling number of the first kind.

1. Introduction

The harmonic numbers are defined by Hy = 0 and H, = Y_"" | + for n > 1. Recently,
harmonic numbers and generalized harmonic numbers have been studied by many
mathematicians [1-3,6, 14, 15,18].

In [6], for any a € RT and n € N, the generalized harmonic numbers H, («) are

defined by Hy(a) = 0 and H,,(a) = 3", L. For a = 1, the usual harmonic numbers
are H,(1) = H, and the generating functlon of H,(a) is
ln (
H,(
11—z nzl

In [13], for the generalized harmonic numbers H, (a), Omiir et al. defined the gen-
eralized hyperharmonic numbers of order r, H («) as follows: For r < 0 or n < 0,
H] (o) = 0 and for n > 1, the generalized hyperharmonic numbers of order r, H], («)
are defined by

n

Hj (o)=Y H/ '(a), for r>1,

i=1
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2 Some identities for generalized harmonic numbers

where HC (o) = For « = 1, H! (1) = H! are the hyperharmonic numbers of

na" :
order r. The generating function of the generalized hyperharmonic numbers of order

ris
ln
H (a)z™. 1
1_x Z (1)

In [7,18], the generalized harmonic numbers H (n7 r) of rank r are defined as for n > 1

and r > 0,
1
H(n,r) = Z - -
1<ng4n1 4 Ann<n neny -+ Ny
-1 r+1 d" In (1 = r+1
or, equivalently, as H (n,r) = ( n)! (dgg" [In ( : _f;)] B
It is clear that H(n,0) = H,.
In [5], H (n,r,a) are defined as for n > 1 and r > 0,
1
H (n7 r, 04) = Z nony - - - nra”0+”l+"'+nr

1<no+ni+:--+n,<n

1 r+1 dn 1 1—2z r+1
or, equivalently, as H(n,r,a) = % (M[n(la)]
n! x —x

z=0
For « =1, H (n,r,1) = H(n,r). The generating function of the generalized har-
monic numbers of rank r, H (n,r, «) is given by

z\\7+1 %)
(_ In (1 — 5)) _ Z H (n’ 7‘,04) z". (2)

1—=z

The Daehee numbers of order r, D;,, are defined by the generating functions to be

(1n(1x+$))rzipgﬁ. (3)

n=0
For r =1, D} = D,, are called Daehee numbers.
The Cauchy numbers of order r, C},, are defined by the generating functions to be

(ris) -2 on @

The Stirling numbers of the first kind Sy (n, k) are defined by

™t = Z S (n, k)a*
k=0

and the Stirling numbers of the second kind Sz(n, k) are defined by

2" = Z Sa(n, k)x
k=0

where 2 stands for the falling factorial defined by 2% = land 22 = 2 (v — 1) ... (x — n + 1).
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The generating function of the Stirling numbers of the first kind S;(n, k) is given
by

(In(1+z))" H‘T 251 (k) ) for k>0, (5)

and the generating function of the Stlrhng numbers of the second kind Sa(n, k) is
given by

— 1
(=1 ZSgnk , for k> 0. (6)
The generalized geometric series are given by for any positive integer a,
1 = /n+a
_— = n, 7
(1= ¥< ) "

In [12], Kwon et al. investigated some explicit identities of Daehee numbers, using
differential equations arising the generating function of Dachee numbers. For example,
for positive integer N and nonnegative integer n,

k=0

In [17], Rim et al. gave some identities involving hyperharmonic numbers, the Stirling
numbers of the second kind and Daehee number as follows: for any positive integer
N and nonnegative integer n,

n+N
_ r
Dn-l—N—l - (Tl+ N — 1)N 1 Z (ﬂ+ N _ k) (_1)k+1 HIZa

Dn+N—1 =

n 1+N = Nk
n —k /. N - . r
(-1)" (N —1)IN ZEO ,}0 (z—I—N k) (-1 (i + N)=ilSy (n, i) Hy.

In [5], Duran et al. obtained sums including generalized hyperharmonic numbers and
special numbers. For example, for any positive integers n, r, m and «,

s i) M

1=0 j=0

It is known that for an ordinary series f(z) = . fnz",
n>0

=3 (" 5 Yot (5)

dx™ n
n=0

Let F(x) = Z anz™ and G(z) = Z bnx™ be two generating functions. The product
=0
of these functlons is given as follows

= <Z anw"> (Z bnl‘n> = chwn, (9)
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where ¢, = > agby_p. Let H(z) = Z b fl, and K(x) = Z kn Lt be two exponen-
k=0 n=
tial generating functions. The product of these functions is glven by

H(2)K (z) = (Z hnj;'> <Z kni,> - Zzn%, (10)

n=0

n
where 1, = > (?) hiky_i.

i=0

Harmonic numbers and generalized harmonic numbers have been studied since the

distant past and are involved in a wide range of diverse fields such as analysis, com-
puter science and various in a wide range of diverse fields such as analysis, computer
science and various branches of number theory [3-5,13,14,19,21].

Recently, many famous mathematicians have studied the combinatorial properties
of special numbers and polynomials by using differential equations associated with the
generating function [8,9,11]. There are some works including various special numbers
arising from the differential equations [8,10,12,16,17].

2. Some identities arising from nonlinear differential equations

In this section, inspired by studies in [12,17], we set for any positive integer o and
variable G := G (z) = In (1 — i), and from here, for every integer r > 0, F =
F(z) = (G(a)*

In this paper, we denote the N—times product and the Nth derivative of F,

respectively, by FN and F("). From the definitions of G and F, by differentiating
these functions according to x, we then obtain

1 1
G =-—=¢¢ and F' = -"T ——Ge”
@ e
1" ]_ 1
G = ——26_2(; and F" = %eﬁc (rGr_l — GT) ,
e @
(3) 2 3¢ (3) r+1 36 r—2 r—1 r
GY =—-—e and F*=-——0c¢ (r(r—=1)G"2 =3rG"' +2G") .
e o
By repeating this process, we easily have
NG ~(N) (v -1)!
e "GV = — 00—
@
DI ‘
and eNGPW) — (_1)N(T *N ) Sy (N,r —i+ 1)G, (11)
@ 1!
=0
It is clearly known that
Gi e n Lt
W :Z(_l) «@ Sl (naz)ﬁa (12)
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n

G _ ZZ(fl)" a "N'S; (n,i)%, (13)

n=0 ¢=0
N! X & , _ "
(N) — E : _1yitn4l, —nari—1 LTt
. @ all nz:;) 5:0( & oINS (v, ) nl’ (14)

Now we can give some identities concerning the generalized hyperharmonic num-
bers of order r, the Daehee numbers of order r and the Stirling numbers of the first
and second kind.

THEOREM 2.1. For any positive integers N, n, r and «, we have

n

S CAPNS: ) = ()Y oo §:<—1>J‘ (v, )@
Proof. By (1), (2) and (8), we have
0 = o (R 0 or) = o Lo Lo ()
(g (e
33 () e
= f;v g () ()
- g ni: (—1)HN (n N Z) (” ;N) NUH! (a)a". (15)

By (14) and (15), comparing the coefficients on both sides, we have the proof. O

THEOREM 2.2. For any positive integers N, n, r and «, we have

n+N
ntN (4 N 1) _1)itt " H'(a) = Dy in_q.
o (n+ ) g( ) TL+N*7, z( ) n+N—-1

Proof. By (8), we have
d¥ /In(1 - %)z AR N O DL
(N) @’ S a— n
¢ T daN ( a> daN ; a™(n —1)! no1d

z
[e3%
= < ) TL 1 anlxniN
« n -
n:N

R [y n+N N! N
- Z ( N ) (X"+N(n—‘,— N — 1)!Dn+N*1‘r : (16)
n=0
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Thus, from (15) and (16), the proof is complete.

THEOREM 2.3. For any positive integers N, n, r and «, we have

n k
(—1)7:Ni_151 (k‘, Z) SQ(TL, k‘)
k=0 i=0
n k+N
= (—DNaVN Z Z (=1)7ak k! (k N ;/, B j) (k }LVN> Hj (a)S2(n, k).

k=0 j=0

Proof. Substituting a(1 — e”) instead of x in (14) and (15), respectively, we have

= k
G (a(1 —e%)) ZZ VNS, (k, ')%
k=0 :=0
N & z"
== Y D (-1)'NT 1SlkzZSan—'
a k=0 t=0 n=0
o n k 2
ZZZ YINTLS, (k, i) Sa(n, k)
n=0 k=0 i=0

and

G (a1 = e?))

k=0 j=0
oo k+N [eS)
o k+N7 T k'"'N r k xr
_—Z Z(—l) ]<k—|—N—j)< N )N!Hj(oz)(—oz) k!XZSQ(n,k)F
k=0 j=0 n=0
co n k+N n
= 1N ok EINT " k+ NN o -
;};0 ;0( DN o k.N.(k+N_j>( N (@S2 k)

Comparing the coefficients of ™ in the first and last series, the proof is complete.

THEOREM 2.4. For any positive integers N, n, m and r, we have

n+N+m)(r+m+1)_1

Sl(n+N,r+1)( m m

n+N
N
= Z (n—i— Z+m)C’imSl(n+N+m—i,r+m+1).
=0

Proof. By (5), we have

F= Z ta”"S1(n,r + 1) (r + 1)!%,
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and from here, by (8)

X (_1\n+N |
(N) _ (=)™ NS (n+ N,r+1)(r + 1)! n+N\ ,
= ZO N (0t ) MUy ) a7

(4) and (5) yield that

Pe (w1 ) e

(=)™ S (n,r +m+ 1)(r +m + 1)! - mz )" ncmm

n

M

n=0 arnl n—0 n!
= (=D)"Si(n+m,r+m+1)(r+m+1)! e A "
= Z " )" am O —.
n+m | Z( n T
n=0 « (n—|—m) = n!
By (8) and ( ), we have
FON) Z Z C’ S1(n+m—i r+m+1)(r+m+1)!xn_N
n=N i=0 Q"Z'(n—km Z)'
irg N n+N N|CmXS1(n+N+m i,r+m+1)(r+m+1)! 2" 8
= A an+N(n+N+m Z)' ’L! .

n=0 =0
Thus, comparing the coefficients on right side of (17) and (18), we have the result. U

LEMMA 2.5 ([20]). Let n and m be any positive integers. For 0 < m <n — 1, then

i (m ) k) (1—a)f = (1 —a)"* (—a)" 7L

n—=k
k=0

THEOREM 2.6. Let m,t be any integers such that 0 < m < t—1. For positive integers
n, r and a we have:

= k
Z t+m+1(t k)H(j—l—t—m— Lr—1,0)H) " (a) = H(n,r, ).
j=0 k:o B
Proof. With the help of Lemma 2.5, we have
r+1 t r+1
In(l—2 —k In(1—2
( n( )) _ Z (’I’I’L )(1 _ LL‘) ( n( )) (1 _ w)—m—l(_m)—t—&-m—&-l

1—=x t—k —x
k=0

_ Xt: (m - k:) (In(1 - 2))" In(1—2) Y

t—k (1—z) (1—x)mktl

k=0
and from (2) and (9),
+1

(n(1-2))"
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|
M~

(_1)r—t+m (T_:) ZH(n,T—l,a)l‘n_t+m+l ~ ZH]m—k-i-l(a)x]

k=0 n=0 j=0

t 00 oo
_ r—t+m m—k n m—k+1 j
=) (-1 k Z H(t+n—m-1,7r—1,a)zx XZHJ (a)x

k=0 I | §=0

t
—_ _1\r—t+m m— k m— k+1

(-1) ok ZZHjthmlrla)H (o) 2"
k=0 n=0 j=0
t

_SOSS (Y e 11 ) x HP T () 19
=Sy (N VGt 1) < HE @ (19)

n=0 j=0 k=0

Thus, comparing the coefficients on right side of (2) and (19), we have the proof. U

The proof of the following lemma is easily obtained.

LEMMA 2.7. Forn >0, then > k(:) 2*(1 — 2)" % = nx.
k=0

THEOREM 2.8. For any positive integers n, m, r and «, we have

H(n,r,q) ZZ( > —k+1Lr—1a)H " (a).

7=0 k=1
Proof. By (1), (2) and Lemma 2.7, the proof is similar to the proof of Theorem 2.6. [

THEOREM 2.9. Let N, n, r be any positive integers Then

2 () () - 2R () (i)t

Proof. From definition of eN¢, we have eN¢ —1 = (1 — %)N —1. From here, we write

(0" ) =5 QD" =R (2 (D
-2y (QE)E

n=0 k=0

I
—
I
—
=
5
|
d
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-2 e (i

n=0 k=0 i=0
If we compare the coeflicients of 2™ in the first and last series, we have the proof. U

THEOREM 2.10. For any positive integers N, n and r, we have

> Si(N,r+1—k)S; (n, k)
k=0

n

Nln! ' n—j+ 1
- 7~+1|ZZ TL—]-I-N—T—l) ( N >Sl(.]7 )Dn+N j—r—1-
7=0 =

Proof. By (5), (11) and (12), we write

NP = (v D! Zsl(N,r_kH)%f
k=0 ’
( )N(T;zvl)'zsl(N»T*k+1) (—1)"a™'5 (@vk)%z
k=0 i=k
=(—1)N(T;FN1)'§: T (;12»)15 (N7 —k+1)S1 (i, k) : (20)
1=0 k=0

With the help of (3), we have
(In(1 — 2))r+t /z\"" & )"
R ———__pr!
(_%)T—‘,—l o Z:: Tl—’l“—l) n—r— 15E 5

and then taking the Nth derivative of function F, by (8),

V) _ N~ _qynin (BTN N! 1
F - Z( 1)n ( N >O¢”+N(’IL+NT’ 1)|Dn+N r— 1£L’ : (21)
n=0
From here, (9) and (13) yield that
NG p(N) — ()N 2
F
, D

n=0j=0 i=

n—j+N .
X ( N )Sl (]77’) iﬁ\f j—r— lx
From here, by (20), the comparison of the coefficients on both sides, the proof is
obtained. U

THEOREM 2.11. For any positive integers N, n and r, we have

n r n—j

DL 1("+N> 3 Z ( )N’Sl(],k:)Sl(N,r—k—i—l)Sl(n—j,z’).

r+1 7=0 k=0 i=
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Proof. By (5), (11) and (12), we write

k
(N) _ v (rD)! e G
FN) = (—1)N N kz_:os (N, r—k+1)—
1) O nri NIST (n,4) 27 O S
= (S S e ML D T S Sy SR g (e
n=0i=0 © =0 k=0
(10) yields that
+1)' o n r n—j N
FN) = (- )N(r Z (—1)t
N n
@ n=0 j5=0 k=0 =0 nla
x (;’) S1 (j, k) S1(N, r—k+1)S; (n—j, ) a™. (22)
Also,
r4+1
v [ (In(1-2) z\ > Dt
) — o _Z [ [—— i LY
E dxN ( -z ) ( a) de (g a™(n—r— l)x
= +N N!
= N (T prl 9
T;)( ) ( N )a”+N(n+Nr1)! n+N—r— 1.’L‘ (3)

Thus, comparing the coefficients on right side of (22) and (23), we have the proof. U

THEOREM 2.12. For any positive integers N, n, m and r, we have
n T

Z D (=1)" S (N, r—k+1)8; (i, k) Sa(n, i)

m 7 +N . - T
(1" N (”ZH )(;‘) x Sy (k, i) S(j, k)Sa(n—j,m) DIty .

Proof. Substituting a (e®—1) instead of x in (13) and (21), respectively, we have

% . (exi]‘)n - n T n+N
eNIFI) = ZZ " NS (n Z)TZ( "N NID N
n=0 =0 ’ n=0
(-1
N(n+N—-r—1)!"

(6) yields that

n

NG Rp(N) — ZZ )" S1 (n,4) ZSQ (k,n) o Z( )n+ND::jV o

n=0 =0 n=0

(n+N)!
aN(n4+N—r— 1|25’2kn
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n

k
Z (—1)F NSy (k, 1) Sa(n, k)%

n=0 k=0 =0
= +N)! z"
3N (N (m S, DIl T
n=0 m=0< ) aN (m+N—r—1)! (TL, m) m+N=—r=1

y (10), we have

n=0 j=0 k=0 i=0 m=0
: } ) r x"
XSI (k72)52(.77k:)52(n_]7 )Dm++1N r—1 | (24)
Similarly, substituting « (e"”—l) instead of z in (11), by (6) and (12),
1)! GY
eNGFWN) — (—1)N (H_N ZSl (N, r— ]—|—1)
«@ J!
7=0
r+1)! > a(e®—1))
:(—1) (aN ZSlNr ]—l—lz 51 zg%
7=0 1=0
7’+1 er—1)f
= ZZ )" S1(N,r—j+1)S; (i, j)( a )
1=0 5=0
1)! J
= T+ ZZ ) Sy (N, r—j+1)S; (4, j ZSQJ, x
0 j=0 7t
=0 j= j=i
r+1 "
- ZZZ )" S1(N,r—j+1)S1 (i, j) Sa(n, i) — - (25)
n=0 i=0 j=0

Thus, comparing the coefficients on right side of (24) and (25), we have the proof. U

THEOREM 2.13. For any positive integers N, n and r, we have
T

(r+ 1)) Si(Nr — k+1)Si(n, k)
k=0

n j+Nn—j .
n\ (j+N ; -
= Z Z (J) (jk + 1) (k + 1) N Sl(k,r)Sl(n - J77')Dj+N—k—1-

Jj= =0 ¢=0

Proof. From (3) and

—~

5), we have

n

M

In (1 — 1) T\ T
F (=) "rlSi(n,r) ———2 (—— ) —
= -z ( a) n!
_ = n, —n z" = k Dkfl k
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SR n 7! .
F= Z Z(il) ank! (TL —_k— 1)!Sl(k7r)Dn—k—lx .

n=0 k=0

oo ntN
+N 7181 (k,7)
FO) — NI )N (7 : R
nZ_okZ:o( ) N amt Nkl (n+ N —k—1)! +N—k-1T
Notice that from (11),
NG RIN) =

oo n j+Nn—j

+N n+N51 ]{3 T Sl n— '71. n
N'T'ZZ Z Z <j ) OZ”'H)V/{'(TL j() (j)_’_]v-(_kil))! X Djin_p—12". (26)

n=0 j=0 k=0 ¢=0

Thus, comparing the coefficients on right side of (20) and (26) yield the desired
result. g

We also give the following identities with the generalized harmonic numbers of
rank r, H (n,r, ) and the Stirling number of the first kind.

THEOREM 2.14. Let N, n, r and o be any positive integers. For any integer m > 2,
n+N J

%S () (”*fié*T‘Q)HW

7=0 =0
1 N+n+r+1 T+1 n . . .
- (- O)éN—i-n m—l ZZZ <Z.>51(N77“+1—J) x Sy (n—1i,5) 51 (i, k) .

i=0 k=0 j=0

Proof. By (7), (8) and (9), we have
gy = & (“Wl (-In(1-2)™"

T daN 1—z

N . 00 oo . , oo . _9 ,
o4 (VA ST SIC I (T ol Chutnl B
v =0 i=0 o=
dN r+1 o n—i ( m ) . G <]+m_2> j
=—1(-1 -1 ) H(G,r, a)x™ : x’
ol MY ;;( ), ) H G a) ; j
dN PR J P ( m (n—j+m—2)
=—— | (=) A H(i,r,a)x
ol MY g;;( ) i e (i,r,a)
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S () (T )
x H(i, ;a)w"- =0

Thus, comparing the coefficients on right side of (22) and (27), we have the proof. U

THEOREM 2.15. Let N, n, r and « be any positive integers. For any integer m > 2,
T
N 41 (r+ 1)
(_1) +7L+7+1W E Sl N r— k"‘ ].)Sl (n k)

n k n—k+N J )k—i-] i

= ZZZ akk' Sy (k1) H(i,r, )
=01 j=0 =0

(7))

Proof. By (13) and (27), we write

n

NG p(N) _ THZ(ZN& ni)( )>9C'
x i 3 EJ: (~1)/ (J”;‘Z) (”“ng +_Zf‘_2) ("]*VN ) NUH (i, r, 0)z"

N
N )Sl (k,0) H(i,r, a)z™. (28)
Comparing the coefficients on right side of (20) and (28), the proof is complete. [

THEOREM 2.16. Let N, n, r and o be any positive integers. For any integer m > 2,
Si(n+ N,r+1)
n!

§=0 i=0 1=0 2= OkO -z il gtn —1)!
X S1(Nyr—k+1)S1 (n—i,k)H(z,j — 1, ).
Proof. By (11) and (12), we have

(r —|— 1)! i zt
FO = (_)V ZZ 81 (i.k) S1(N.r =k +1) e N,
=0 k=0
and from the generating function of exponential function,
FN) = (-1 ZZ ™Sy (i, k) S1(N,r — k + )Z|

=0 k=0
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XiNj (_ln(l_g))j(l_x)m 1

= g - (1—z)™ "
From here, for m > 2, by (7) and (9), we have
T—|—1' = — i s . Jii
FN) — (—1)N(Q7N)ZZ(—1) a8y (i, k) Sy (N, r —k+ 1)~
i=0 k=0 v
NI S . S (M L= [l+m—2
xzsz(n,j—La)x Z(—l) < )m Z( l )xl
=0 I =0 2=0 z 1=0
1) o= — _— i
— (_1)N(TLN S (-1 S (i k) Si(N,r — k+ 1)”“;,
@ i=0 k=0 v
SN S e m . = [l+m—2 .
X — -1 H(z,j—1,a)z" T
X R (e ()

i

= (_]—)N%i (—1)10[*151 (Z,k) Sl(N,T—k—l—]_)%

—Z

zz: r (_1)z—z+n—i (l TZ> (z — li—l—_nlz — 2)

NJ "
(n—i)ljl an—i’

x iiii(—n” (Zm ) ”‘2*_”;‘2)Jfﬂ(z,j_1,a)xn

3

x H(z,j—1,a)S1(N,r —k+1)S; (n — i, k) (29)

Comparing the coefficients on right side of (17) and (29), the proof is complete. [
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