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Abstract. In this paper, we introduce SCR-warped product lightlike submanifold of
golden semi-Riemannian manifold. We obtain characterization theorem of SCR-warped
product lightlike submanifold of the type M1 xx M, of golden semi-Riemannian mani-
fold. Further, we show that for a proper SCR-warped product lightlike submanifold of golden
semi-Riemannian manifold, induced connection V is not a metric connection. Finally, we find
necessary and sufficient conditions for SCR lightlike submanifold of golden semi-Riemannian
manifold to be a SCR-warped product lightlike submanifold in terms of the canonical struc-
tures P and F'. Moreover, we give two non-trivial examples of SCR-warped product lightlike
submanifold of golden semi-Riemannian manifold.

1. Introduction

The study of warped product manifolds was introduced by Bishop and O’Neill in [2].
These manifolds are generalizations of Riemannian product manifolds. In [13], warped
product manifolds were used as models for spacetime near black holes or bodies with
large gravitational fields. In [3], Chen B.Y. studied warped product CR-submanifolds
in Kéahler manifolds and introduced the notion of CR-warped products. In [3], they
proved several fundamental properties of CR-warped products in Kéahler manifolds
and established a general inequality for an arbitrary CR-warped product in a Kéhler
manifold. In [5], the author studied the fundamental problem of finding a warped
function such that the degenerate metric g admits a constant scalar curvature on
M. In [19], the author introduced warped product lightlike submanifolds of semi-
Riemannian manifolds. In [19], they also showed that the null geometry of M reduces
to the corresponding non-degenerate geometry of its semi-Riemannian submanifold.
Geometry of degenerate submanifolds differs from the geometry of non-degenerate
submanifolds. The main difference between lightlike submanifolds and non-degenerate
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submanifolds arises from the fact that, in the first case, the vector bundle intersects
with the tangent bundle of the submanifold. Thus, one cannot use the theory of non-
degenerate submanifolds to define the induced geometric objects on lightlike subman-
ifolds. In [6], Duggal and Bejancu introduced a non-degenerate screen distribution to
construct a non-intersecting lightlike transversal vector bundle of the tangent bun-
dle and studied the geometry of arbitrary lightlike submanifolds of semi-Riemannian
manifolds. Many authors have studied lightlike submanifolds in various spaces [8,21].
In [9], the authors introduced screen Cauchy-Riemann lightlike submanifolds of in-
definite Kéhler manifolds. In [9], they also showed that SCR lightlike submanifolds
include invariant (complex) and screen real subcases of lightlike submanifolds and
studied some properties of proper totally umbilical SCR-lightlike submanifolds, as
well as their invariant (complex) and screen real subcases. In [20], Sangeet K. stud-
ied SCR warped product lightlike submanifolds of indefinite Ké&hler manifolds and
obtained several results on warped product lightlike submanifolds.

The golden proportion 1 is the real positive root of the equation 22—z —1 = 0 (thus
P = 1+Tﬁ ~ 1.618...). Inspired by the golden proportion, Crasmareanu and Hret-

canu defined a golden structure P, which is a tensor field satisfying P2 — P — I =0
on the manifold M [4]. A Riemannian manifold M with a golden structure P is
called a golden Riemannian manifold and was studied in [4,12]. In [18], Ozkan M.
investigated complete and horizontal lifts of the golden structure in the tangent bun-
dle. Lightlike hypersurfaces of golden semi-Riemannian manifolds were studied by
Poyraz and Yasar [16]. In [17], the authors proved that there is no radical anti-
invariant lightlike submanifold of golden semi-Riemannian manifolds. In [10], the au-
thor studied the geometry of screen transversal lightlike submanifolds, radical screen
transversal lightlike submanifolds, and screen transversal anti-invariant lightlike sub-
manifolds of golden semi-Riemannian manifolds, investigating the geometry of dis-
tributions. Screen pseudo-slant and golden GCR-lightlike submanifolds of a golden
semi-Riemannian manifold were studied in [1,15]. In [14], N. Onen Poyraz introduced
screen semi-invariant lightlike submanifolds of golden semi-Riemannian manifolds and
found the conditions for the integrability of distributions. In [14], the author obtained
some results for totally umbilical screen semi-invariant lightlike submanifolds of golden
semi-Riemannian manifolds.

The purpose of this paper is to study SCR warped product lightlike submani-
folds of golden semi-Riemannian manifolds. The paper is arranged as follows. In
Section 2, some definitions and basic results about lightlike submanifolds and golden
semi-Riemannian manifolds are given. In Section 3, we study SCR warped prod-
uct lightlike submanifolds of golden semi-Riemannian manifolds, providing examples.
We also prove that for SCR warped product lightlike submanifolds of golden semi-
Riemannian manifolds, the induced connection V is not a metric connection. In
Section 4, we find characterization theorems in terms of the canonical structures P
and F' on an SCR lightlike submanifold of golden semi-Riemannian manifolds, forcing
it to be an SCR warped product lightlike submanifold, and establish an inequality for
the squared norm of the second fundamental form h in terms of the warping function
A of golden semi-Riemannian manifolds.
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2. Preliminaries

Let M be a C>-differentiable manifold. If a (1,1)-type tensor field P on M satisfies
the following equation

P2=P+1, (1)
then P is called a golden structure on M, where T is the identity transformation.

Let (M,g) be a semi-Riemannian manifold and let P be a golden structure on M.
If P satisfies the following equation

g(PUW) =3g(U, PW), (2)
then (M, g, P) is called a golden semi-Riemannian manifold [18]. Also, if P is inte-
grable, then we have [4]

VuPW = PVyW. (3)

Now, from (2), we get
g(PU, PW) =§(PU,W) +3(U, W), (4)

for all U,W € T(TM).

Let (M,g) be a real (m + n)-dimensional semi-Riemannian manifold of constant
index ¢, such that m,n > 1,1 < ¢ < m+n —1 and (M, g) be an m-dimensional
submanifold of M, where g is the induced metric of g on M. If § is degenerate
on the tangent bundle T'M of M, then M is called a lightlike submanifold [6] of
M. Let S(T'M) be a screen distribution which is a semi-Riemannian complementary
distribution of RadTM in TM, that is TM = RadTM @,en, S(TM). Consider a
screen transversal vector bundle S(TM*), which is a semi-Riemannian complemen-
tary vector bundle of RadT'M in TM*. Let tr(T'M) and ltr(T'M) be complementary
(but not orthogonal) vector bundles to TM in TM|y; and Rad(TM) in S(TM=+)*+,
respectively. Then

tr(TM) = ltr(TM) @opin S(TM™),
TM|y =TM @ tr(TM),
TM|pr = S(TM) ®open, [RadT M & ltr(TM)] @open S(TM™L).

TuEOREM 2.1 ([6]). Let (M, g,S(TM),S(TM™)) be an r-lightlike submanifold of a
semi-Riemannian manifold (M,g). Suppose U is a coordinate neighbourhood of M
and {&}, i € {1,2,...,r} is a basis of I'(Rad(TM|y)). Then, there exist a com-
plementary vector subbundle ltr(TM) of Rad(TM) in S(TM*)* and a basis {N;},
ie{1,2,...,r} of T(Itr(TM|y)) such that G(N;,&;) = 0;; and G(N;, N;) =0, for any
i,7€{1,2,...,r}.

Following are four cases of a lightlike submanifold (M ,9,S(TM),S(TM l)):
Case 1. r-lightlike if 7 < min (m,n),
Case 2. co-isotropic if r =n <m, S (TMJ-) = {0},
Case 3. isotropic if r =m <n, S(TM) = {0},
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Case 4. totally lightlike if 7 = m =n, S(TM) = S(TM+) = {0}.
The Gauss and Weingarten formulae are given as
VxY =VxY +h(X,Y), (5)
VxV =—-Ay X + ViV, (6)
forall X, Y €e I(TM) and V € T'(tr(T'M)), where {VxY, Ay X} belong to I'(T'M) and
{h(X,Y), Vi V?} belong to T'(¢tr(TM)). V and V' are linear connections on M and

on the vector bundle ¢r(T'M), respectively. From (5) and (6), for any X, Y € I'(T' M),
N e T(ltr(TM)) and W € T'(S(TM*1)), we have

VxY =VxY + A (X,Y) +h* (X,Y), (7)
VxN = —-AxNX + V4N + D* (X,N), (8)
VxW = —AwX + VW + D' (X, W), (9)
where h!(X,Y) = L(h(X,Y)), h*(X,Y) = S(h(X,Y)), D{X,W) = L(VLW),
D*(X,N) = S(ViN). L and S are the projection morphisms of tr(T'M) on ltr(T M)
and S(T M), respectively. V! and V* are linear connections on ltr(TM) and S(T M)

called the lightlike connection and screen transversal connection on M, respectively.
Also by using (5), (7)-(9) and metric connection V, we obtain

g(h*(X,Y), W) +5(Y, D'(X, W) = g(Aw X, Y), (10)
g(D*(X,N),W) =3g(N, Aw X).
Now, denote the projection of TM on S(TM) by S. Then from the decomposition

of the tangent bundle of a lightlike submanifold, for any X, Y € T'(TM) and £ €
I'(RadT M), we have

VxSY =V5SY + h*(X, SY), (11)
Vxé=—-A;X +VXE
By using above equations, we obtain g(h!'(X, SY),¢) = g(A: X, SY).
It is important to note that in general V is not a metric connection on M. Since
V is metric connection, by using (7), we get

(Vxg)(Y, 2) = g(h'(X,Y), Z) + g(h'(X, Z),Y), (12)
for all X,Y,Z € T(TM).

DEFINITION 2.2 ([7]). A lightlike submanifold (M, g) of a semi-Riemannian manifold
(M, 3), is said to be totally umbilical in M if there is a smooth transversal vector
field H € T'(tr(T'M)) on M, called the transversal curvature vector field of M, such
that for any X, Y € T'(TM),

h(X,Y) = g(X,Y)H. (13)

In case H = 0, M is called totally geodesic. Using (7) and (13), we conclude that
M is totally umbilical if and only if there exists smooth vector fields H' € I'(Itr(TM))
and H* € T'(S(TM*1)) such that h'(X,Y) = g(X,Y)H', h*(X,Y) = g(X,Y)H*® and
DYX, W) =0, for any X,Y € [(TM) and W € T['(S(TM™)).
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DEFINITION 2.3 ([2]). Let B and F' be two Riemannian manifolds with Riemannian
metrics g and g, respectively and A be a positive differentiable function on B.
Consider the product manifold B x F with its projection 7 : B x FF — B and 7 :
B x F — F. The warped product M = B x ) F is the manifold B x F' equipped with
Riemannian metric g such that g = gg + A2gpr. More explicitly, if X is tangent to
M = B x F at point (p,q), then

X117 = |7 (XN + X (7 (p, @) In (X
Here, function A is called the warping function of the warped product and a warped

product manifold is said to be trivial, if A is constant. For a differentiable function A
on a manifold M, the gradient VA is defined by

g(VA,X) =X\, VX eT(TM).

THEOREM 2.4 ([2]). Let M = B x F be a warped product manifold. If XY € I'T(B)
and U,V € I'T(F), then

XA
VxY € FT(B), VxV =VyX = ()\> vV, VyV=-

g(U,V)
hy

VA (14)

COROLLARY 2.5 ([2]). On a warped product manifold, M = B x F,
(i) B is totally geodesic in M,

(i) F is totally umbilical in M.

DEFINITION 2.6 ([19]). Let (M, g1) be a totally lightlike submanifold of dimension r
and (Ms, g2) be a semi-Riemannian submanifold of dimension m of a semi-Riemannian
M. Then the product manifold M = M; x y M, is said to be a warped product lightlike
submanifold of M with the degenerate metric g defined by
9(X)Y) = gi(m X, 1Y) + (A om)?g2(n. X, 1.Y),

for every X,Y € I'(T'M), where x is the symbol for the tangent map. Here, 7 :
My x My — M; and n : My x My — M, denote the projection maps given by
m(p,q) = p and n(p, q) = q for (p,q) € My x My, respectively.

3. SCR-~warped product lightlike submanifolds

In this section, we study SCR warped product lightlike submanifold of golden semi-
Riemannian manifolds, which are warped products of the type M = My x) M,
where Mr is a holomorphic submanifold and M is a totally real submanifold of M.

DEFINITION 3.1. Let M be a ¢-lightlike submanifold of a golden semi-Riemannian
manifold M of index 2¢q such that 2¢ < dim(M). Then we say that M is a SCR-
lightlike submanifold of M if following conditions are satisfied:
(i) There exists a non-null distribution D C S(T'M) such that

S(IT'M)=D® D*, P(D)= D, P(D')C S(TM*‘), DnD*+ ={0},
where D+ is orthogonal complementary to D in S(TM).
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(ii) RadT M is invariant with respect to P, i.e. PRadTM = RadT M.
Then, we have

Pltr(TM) = ltr(TM), TM =D'® D", D' = D1Rad(TM).

Thus it follows that D’ is also invariant with respect to P. We indicate the or-
thogonal complementary to P(D+) in S(TM=*) by p. Then we obtain tr(TM) =
Itr(TM)LP(DY) Lp.

A SCR-lightlike submanifold is said to be proper if D # {0} and D+ # {0}.

Let P’ and Q' be the projections on D’ and ~Dl, respectively. Then for any
X €eT(TM), we have X = P’X + Q'X. Applying P to this, we obtain

PX = PP'X + PQ'X, (15)
and we can write equation (15) as
PX = PX + FX, (16)

where PX and FX are tangential and transversal parts of PX, respectively. Also for
any V € I'(tr(T'M)), we write

PV =BV + 0V, (17)
where BV and C'V are tangential and transversal parts of PV, respectively.
Differentiating (16), using (7), (9), (16) and (17), we get
(VxP)Y = Apy X + Bh*(X,Y),
VXFY = FVxY + Ch°*(X,Y) — h*(X, PY),
DY(X,FY) = Ch'(X,Y) — b (X, PY),
for any X, Y € I'(TM).

PROPOSITION 3.2. There exist no isotropic or totally lightlike proper SCR lightlike
submanifold of a golden semi-Riemannian manifold (M,g, P).

Proof. We suppose that M is isotropic or totally lightlike, then S(T'M) = 0, hence
D =0and Dt =0. O

LEMMA 3.3. Let (M, g) be a SCR lightlike submanifold of a golden semi-Riemannian

manifold (M, g, P). Then we have

(VxP)Y = Apy X + Bh(X,Y), (18)
(VK F)Y = Ch(X,Y) — h(X, PY), (19)
g(PX,Y) - g(X,PY)=g(X,FY) - g(FX,Y), (20)
g(PX,PY) =g(PX,Y)+g(X,Y)+ g(FX,Y)
—g(PX,FY) - g(FX,PY) - g(FX,FY), (21)

for all X, Y € T(TM), where
(VxP)Y =VxPY — PVxY and (Vi F)Y = V4 FY — FVxY. (22)
Proof. Using (3), (5), (6), (16) and (17), on comparing tangential and transversal parts

of the resulting equation, we obtain (18) and (19). Finally, using (2), (4) and (16),
we obtain (20) and (21). U
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EXAMPLE 3.4. Let (R32,7, P) be a golden semi-Riemannian manifold, where metric
g is of signature (—, —, +, +, +, +, +, +, +, +, +, +) with respect to the canonical basis
{01, 022,023, 04, 025, 02,027, 028, 02°, 0210, 02t 9212} and (2t, 22, 23, 24, 2°, 20,
27,28, 2% 210 11 2'2?) be standard coordinate system of R12.

Taking, P(z',...,02'%) = (9x' + 822, ', 0x® + dz*, 0x3, 025 4 025, 0x5, 027 +
028,027, 02° + 029, 02°, 2! + 92'2,92'1). Thus, P2 = P+ I and P is a golden

structure on Ri2. Suppose M is a submanifold of Ri? given by ! = u?, 22 = u?!, 23 =

u?, 2t =ul, 2® = —ut, 28 = —ud, 27 =t 2% =3, 2% =0, 2'° = —sinu® coshub,
2™ =0, 2'2 = cosu® sinh u®.

The local frame of T'M is given by {Z1, Za, Z3, Z4, Zs, Zs }, where Z; = 0?4+ 02*,
Zy = Oxt + 023, Z3 = =028 4+ 028, Z4 = —02° + 027, Zs = — cosu® cosh ub9x'0 —
sin u® sinh u%0x'2, Zg = — sinu® sinh u%02'% 4 cos u® cosh u80x'2.

Hence, RadTM = span{Zi,Zs} and S(TM) = span{Zs, Z4, Z5, Zs}.

Now, ltr(T'M) is spanned by Ny = (=022 + 92), Ny = 3(—0z' 4+ 92°) and
S(TM%) is spanned by Wi = —cosu®coshu®9z® — sinu®sinhub9z't, Wy =
— sinu® sinh u%02% + cos u® cosh u®9z!t, Wy = 026 + 028, Wy = 025 + 927

It follows that PZ, = Z, and PZy = Z; + Z», this implies Rad(TM) is invariant,
Rad(TM) = Span{Z,,Zy} and PZs = Z,, PZy = Z3 + Z;. Hence P(D) = D
i.e., D is invariant and D = Span{Zs, Z4}. Now PZs = Wy, PZs = Wy, D+ =
Span{Zs, Zs} and PN, = N,, PNy = N; + N, which shows ltr(TM) is invariant,
ltr(TM) = Span{Ny, N2} and PWs = Wy, PWy = W3 + Wy. Hence Pu = p
i.e., p is invariant and p = Span{Ws3, W4}. Hence M is a proper SCR 2-lightlike
submanifold of R}2. Now, if the leaves of D’ and D' are, respectively denoted
by Mp and M, then the induced metric tensor of M = My x) M, is given by
ds? = 0((du')? + (du?)?) + 2((du®)? + (du)?) + (cos? u® 4 sinh?® u®) ((du®)? + (du®)?).

Hence, M is a SCR warped product lightlike submanifold of the type M = My X
M, in R}%, with warping function \ = \/ (cos? u® + sinh? uf).

ExXAMPLE 3.5. Let (R}%,g, P) be a golden semi-Riemannian manifold, where met-
ric g is of signature (+,+,—, —, +,+,—, —, +, +, +, +, +, +, +, +) with respect to the
canonical basis {0z, 022, 023, 02, 02°, 025,027,028, 02, 0210, Oz, 0212, 0213, Ox4,
025,020} and (2t 22, 23, 24, 2%, 2%, 27, 28, 2% 210, 21t 212 213 21 215 216) be stan-
dard coordinate system of R}S.

Taking, P(z',...,02'%) = (9x' + 822, 0z, Ox® + dz*, 0x3, 025 4 025, 0x5, 027 +
028,027, 02° + 0219, 02°, 021 + 012,021t 0213 + 024,023,025 + 0216, 0x15).

Thus, P2 = P+ 1 and P is a golden structure on RL. Suppose M is a subman-

ifold of R}® given by 2! = u*, 22 = u!, 23 = v?, 2* = !, 2% = u?, 25 = w3, 27 = u?,
2 =3, 2° = —wPcosa, 210 = —ubcosa, 2 = uWsina, 22 = ubsina, 2 = 0,
21 = cosu” coshud, 21° =0, 216 = sin u” sinh u8.

The local frame of TM is given by {Z1, Zs, Z3, Z4, Z5, Z6, Z7, Zg }, Where Z; =
02 + 0z, Zy = 0x® + 027, Zg = 028 + 028, Zy = Oz + 023, Z5 = — cosadz® +
sin a0z, Zg = — cos afz'%4sin adz'?, Z; = —sinu” cosh utdx™+cos u” sinh u89z16,
Zs = cosu’ sinh uB0z'* + sin u” cosh w89z 1.

Hence, RadTM = Span{Zy,Zs,Z3, Zs} and S(TM) = Span{Zs, Zs, Z7, Zs}.
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Now, ltr(TM) is spanned by Ny = 1(022—9z%), Ny = 1(92°—0a7 ) 1(02°—
928 ) 1(0z — 923) and S(TMJ-) is spanned by W1 = cosu smhusaxl?’
sinu cosh u86a:15 Wy = —sinu” cosh uB0213 + cosu” sinh u021®, Wy = sinadz® +

cos adz', Wy = sin adz'0 + cos adz!?

It fOHOWb that PZ; = Z4 and PZ3 = Z3, this implies Rad(TM) is invari-
ant Rad(TM) = Span{Zl,Zg,Zg,Zz;} and PZG = Z5, PZ5 = Z5 + Zﬁ Hence
P(D) D, ie. D is invariant and D = Span{Zs, Zs}. Now PZ; =W,, PZs = Wi,

S’pan{Z%Zg} and PNy = Ny, PN3 Ny which shows ltr(T'M) is invariant,
ltr(TM) Span{Ni, N2, N3, Ny} and PW, = W3, PW3 = W+ W,. Hence Pu = p,
i.e. p is invariant and p = Span{Ws, W,}. Hence M is a proper SCR 4-lightlike sub-
manifold of R}®. Now, if the leaves of D’ and D+ are, respectively denoted by My and
M, then the induced metric tensor of M = My x M, is given by ds? = 0((du')? +
(du?)? + (du®)? + (du*)?) + ((du®)? + (du®)?) + (sin® u” + sinh? u®)((du”)? + (du®)?).

Hence, M is a SCR warped product lightlike submanifold of the type M = Mz X
M, in R1® with warping function \ = \/ (sin® u” 4 sinh? u8).

THEOREM 3.6. For a proper SCR warped product lightlike submanifold M = Mr X
M, of a golden semi-Riemannian manifold M, the induced connection V is not a
metric connection.

Proof. If possible, then let V is a metric connection on M, from (12) we have ht = 0.
We know that V is a metric connection on M, for all X € I'(Rad(T'M)) and Z,W €
(D), we have g(VzW, X) = —g(W, VzX), using (7) and (14), we obtain

g(h'(2, W), X) = =X (In N)g(Z, W). (23)

Since h! = 0, therefore (23) becomes, X(In\)g(Z,W) = 0, which implies that
X(InA) =0 or g(Z,W) = 0, but this a contradiction as M is a proper SCR-warped
product lightlike submanifold and D is non-degenerate. U

LEMMA 3.7. Let M = My xx My be a SCR warped product lightlike submanifold of
golden semi-Riemannian manifold (M,g, P). Then we have
(i) g(h*(X,PY),PZ) =0,

(i) G(h*(Z,W), PV) = PW(In \)g(Z,V),
for all X,Y e T(D), W e T(D’) and Z,V € T(D™).

Proof. Since M is a golden semi-Riemannian manifold, then for all X € I'(D) and
Z € T(D%), we have from (3), VxPZ = PVxZ. Using (5) and (9), we have
PVxZ + Ph(X,Z) = —Ap,X + DX, PZ) + V4% PZ, then taking scalar product
with PY, for any Y € T'(D), we have G(PVxZ, PY) = —g(Ap,X, PY). From (10)
and (14), we get §(h*(X, PY), PZ) = 0. Now for any W € I'(D’) and Z,V € I'(D1),
from (2), (7) and (14), we have g(h*(Z, W), PV) =g(VzW,PV) =g(PV,W,V) =

PW(lnM)g(Z,V). U

LEMMA 3.8. Let M = Mr X\ M, be a SCR warped product lightlike submanifold
of golden semi-Riemannian manifold (M,g, P). Then we have h'(X,Z) = 0 and
h*(X,Z) =0, for any X € T(D') and Z € T(D%).
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Proof. For any X,Y€l'(D’) and Zel'(D%), from (7) and (14), we have g(h!(X, Z),Y)
=3(VxZ,Y). Since V is a metric connection and using (5), we obtain g(h'(X, Z),Y)
=-g9(VxY,Z) = —g(VxY, Z). Since M is a SCR warped product lightlike submani-
fold, then D’ defines a totally geodesic foliation in M, hence we get g(h!(X, Z),Y) = 0,
which gives h!'(X,Z) = 0. For all X € T'(D’), Y € T(Rad(TM)) and Z € T'(D+) and
using (11), we obtain h*(X,Z) = 0. U

THEOREM 3.9. Let M be a totally umbilical SCR-lightlike submanifold of a golden
semi-Riemannian manifold (M, g, ]5) If M = M, x) My is a SCR warped prod-
uct lightlike submanifold such that M, is a totally real submanifold and My is a
holomorphic submanifold of M, then

(i) D* defines a totally geodesic foliation in M,

(i) D' does not defines a totally geodesic foliation in M.
Proof. Let M = M| x My be a SCR warped product lightlike submanifold of a golden

semi-Riemannian manifold (M, g, P). Then for all X € I'(TMy) and Z € T'(TM )
and using (14), we obtain

VxZ=VzX = (ZIn)\)X. (24)

Now for any X,Y € I'(D%) and from (18), we obtain PVxY = —Apy X — Bh(X,Y),
then for all Z € I'(D), using (6) and (24), we get g(PVxY,Z) = —g(Apy X, Z) =
—g(PY, VxZ) = 0, then using non-degeneracy of D, we obtain PVxY = 0, which
implies VxY € I'(D%), this show D defines a totally geodesic foliation in M.

Let A7 and AT, respectively denote the second fundamental form and shape op-
erator of Mr in M, then for all X,Y € I'(D’) and Z € I'(D%), we obtain from (5),
g(hT(X,Y),Z) = g(VxY,Z) = —g(Y,VxZ), using (24), we get g(hT(X,Y),Z) =
—(ZIn\)g(X,Y). Now let h be the second fundamental form of My in M, then

h(X,Y) =h"(X,Y) + h'(X,Y) + h*(X,Y), (25)
for all X,Y € T(TMr). Then taking scalar product with Z € T'(D+), we get
g(h(X,Y),Z) = g(h"(X,Y),Z) = —(ZIn \)g(X,Y). (26)
Since M7 is a holomorphic (invariant) submanifold of M, then we have
h(X,PY)=h(PX,Y) = Ph(X,Y). (27)

Using (26) and (27) in (25), we obtain g(h(X,Y),PZ) = —(ZIn\)g(X,Y). Thus,
g(h(D',D"),PZ) # 0, for all Z € T'(D+), which implies that D’ does not defines a
totally geodesic foliation in M. 0

THEOREM 3.10. Let (M, g) be a SCR lightlike submanifold of a golden semi-Riemannian
manifold (M, g, IN’) such that totally real distribution D+ being integrable and PX =X
for all X e T(D’). Then (M, g) is locally a SCR warped product lightlike submanifold
if and only if Ap,X = —(PX)(u)Z, for each X € T(D'), Z € T(D*) and pi is a
C®-function on M such that Zu = Z(In \) = 0, for all Z € T'(D4).

Proof. Let (M, g) be a locally SCR warped product lightlike submanifold of M. Since
M is a golden semi-Riemannian manifold, then for each X € I'(D’) and Z € I'(D+),
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from (2.3), we have VxPZ = PVxZ = VzPX, using (5) and (9), we obtain
~Ap, X +V%PZ+DNX,PZ) =V PX +h(Z,PX). On equating tangential com-
ponents on both sides and using (14), we get A5, X = VzPX = —PX(In\)Z. As
p=In\is a function on Mr, therefore Zyu = Z(In\) = 0, for all Z € T'(D4).

Conversely, let Az, X = —(PX)(u)Z, for any X € T'(D') and Z € I'(D'), tak-
ing scalar product with Y € I'(D'), we get g(As,X,Y) = —g((PX)(n)Z,Y) = 0,
then using (2.14), we obtain g(h*(X,Y), PZ) 4+ g(Y, D(X, PZ)) = 0. Using (4), (9)
and PX = X for each X € T'(D’), this implies g(h*(D’,D’'),PZ) = 0 and also
g(h(D’,D"),PZ) = 0, for all Z € I'(D+). Thus we obtain g(h(D', D), PZ) = 0, i.e.
h(D’,D’) has no components in PZ, which implies that D’ defines a totally geodesic
foliation in M.

Let Ap,X = —(PX)(u)Z, for any X € I'(D') and Z € T'(DV), taking scalar
product with W € T'(D%), we get

9(PX)(WZ,W) = —g(Ap, X, W). (28)
Using the definition of gradient g(V¢, X) = X¢ and (10) in (28), we obtain
9(Vu, PX)g(W, Z) = —g(h*(X, W), PZ). (29)

From (3), (5) and using V is metric connection in (29), we get
9(Vu, PX)g(W, Z) = —g(Vw Z, PX). (30)

Let A’ be the second fundamental form of D+ in M and let V' be the induced
connection of DX in M, then for X € T'(D) and W, Z € T(D+), we get

g(W' (W, 2), PX) = g(VwZ — Vi Z, PX) = g(Vw Z, PX). (31)
Then from (30) and (31), we get
g(h'(W.2), PX) = —g(V, PX)g(W, Z). (32)
Using non-degeneracy of D from (32), we obtain
W(W,Z) = =Vug(W, 2), (33)

which implies that the distribution D™ is totally umbilical in M. By hypothesis, the
totally real distribution D= is integrable, using (33) and the condition Zyu = 0 for any
Z € T(D1) implies that each leaf of D+ is an intrinsic sphere in M. From [11], we
have: “If the tangent bundle of a Riemannian manifold M splits into an orthogonal
sum T'M = Ey& F; of non-trivial vector sub-bundles such that E; is spherical and it’s
orthogonal complement FEj is auto-parallel, then the manifold M is locally isometric
to a warped product My x ¢ M;”.

Thus, we conclude that M is locally a SCR warped product lightlike submanifold
of the type My xx M, in M, where A = e*. O

4. SCR-warped product lightlike submanifolds and canonical structures

In this section, we find characterizations in terms of the canonical structures P and
F on a SCR-lightlike submanifold of a golden semi-Riemannian manifold.
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LEMMA 4.1. Let M = My X\ M, be a SCR warped product lightlike submanifold of
golden semi-Riemannian manifold (M,gq, P). Then we have
(i) (VzP)X = PX(In)\)Z,

(i) (VuP)Z = P(VIn\g(U, Z),
for any U € T(TM), X € T(D') and Z € T'(D%), where VIn X denotes the gradient
of In \.

Proof. Let M = My x) M, be a SCR warped product lightlike submanifold of
golden semi-Riemannian manifold (M,g, P). Then for all X € T'(D’) and Z €
I'(D1), from (22) and (14), we obtain (VzP)X = VzPX = PX(In\)Z. From (22),
for U € T(TM) and Z € T'(D%), we have (VyP)Z = —PVyZ, which implies
that (VyP)Z € T'(D’). Then for any X € I'(D), we obtain g((VyP)Z,X) =
9(Z,VyPX) = PX(In\)g(Z,U). Using the definition of gradient of A and non-
degeneracy of D, we get the required result. O

THEOREM 4.2. Let (M, g) be a SCR-lightlike submanifold of a golden semi-Riemannian
manifold (M, g, ]5) with totally real distribution D+ being integrable, then M is locally

a SCR warped product lightlike submanifold if and only if (VyP)V = ((PV)u)Q'U +

9(Q'U,Q'V)P(Vu), for each U,V € T'(T'M), where y is a C™-function on M satis-

fying Zu =0, for all Z € T(D%).

Proof. Assume that M = My x M, be a SCR warped product lightlike submanifold
of a golden semi-Riemannian manifold (M, g, P). Then for all U,V € (T M), we have
(VuP)V = (VpuP)P'V + (VouP)P'V + (VyP)Q'V. Since D’ defines a totally
geodesic foliation in M, from (18), we obtain

(VpyP)P'V =0. (34)

Using Lemma 4.1, we get
(VouP)P'V =PPV)(InNQ'U, (35)
and (VuP)Q'V =g(U,QV)P(VIn ) = g(QU,Q'V)P(VIn\). (36)

From (34)-(36), we get (VyP)V = (PV)p)Q'U+¢(Q'U,Q'V)P(Vp), for each U,V €
I(TM). Since g = In A is a function on My, therefore Z(u) = Z(In\) = 0, for all
Z e T(D4).

Conversely, let M be a SCR-lightlike submanifold of a golden semi-Riemannian
manifold M satisfying (Vi P)V = ((PV)u)Q'U+g(Q'U,Q'V)P(Vp), for each U,V €
I(TM). Let UV € I'(D’), this implies that (VyP)V = 0, from (18), we get
Bh(U,V) = 0, this shows that h(U,V) has no component in PD*, for any U,V €
(D), which implies D’ defines a totally geodesic foliation in M.

Now, (VyP)V = ((PV)u)Q'U+g(Q'U,Q'V)P(Vp), for any U,V € I'(D+), which
implies (Vg P)V = ¢(Q'U, Q'V)PV . Taking scalar product of this with X € T'(D),
we get

9(VuP)V, X) = g(QU,Q'V)g(PVu, X) = g(Q'U,Q'V)g(Vp, PX).  (37)
For any U,V € I'(D+) and X € I'(D), using (18), we obtain
g(VuP)V,X) = g(ApyU,X) = —g(Vy PV, X) = —g(VyV, PX). (38)
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From (37) and (38), we get
9(VuV,PX) = —9(Q'U,Q'V)g(Vu, PX). (39)
Let k' be the second fundamental form of D+ in M and let V' be the induced
connection of Dt in M, then for X € I'(D) and U,V € I'(D%1), we get
g(h'(U,V), PX) = g(VuV — ViV, PX) = g(VyV, PX). (40)
Then from (39) and (40), we get
Using non-degeneracy of D from (41), we obtain
hl(Ua V) = _v,u.g(Q/Ua Q/V)a (42)
which implies that the distribution D is totally umbilical in M. By hypothesis, the
totally real distribution D+ is integrable , using (42) and the condition Zu = 0 for any
Z € (D) implies that each leaf of D+ is an intrinsic sphere in M. Thus, by similar

result in Theorem 3.10, M is locally a SCR warped product lightlike submanifold of
the type My x\ M in M, where \ = e*. ]

THEOREM 4.3. Let (M, g) be a SCR-lightlike submanifold of a golden semi-Riemannian
manifold (M,g, ]5) with totally real distribution D+ being integrable, then M is lo-
cally a SCR warped product lightlike submanifold if and only if g((Vi,F)V, PW) =
—V(In N g(U, W)+ PU(In N g(V, W), for each U,V € T(TM) and W € T(D*), where
w is a C=-function on M satisfying Wy = 0, for all W € T'(D%).

Proof. Assume that M be a SCR warped product lightlike submanifold of a golden
semi-Riemannian manifold (M, g, P). Therefore the distribution D’ defines a totally
geodesic foliation in M and from (22) for all U,V € I'(D’) and W € T'(D%), we have

I(VyF)V,PW) =g(FVuV,PW) = —g(VuV, W) = 0. (43)
For any U, W € T'(D+) and V € T'(D’), from (1), (19) and Lemma 3.7, we get
g(VyF)V, PW) =g(h*(U,V), PW) — g(h*(U, PV), PW)
= PV (In \)g(U, W) — PPV (In \)g(U, W)
=—V(n\)g(U W). (44)
For any V € T'(D+), U € T'(D') and W € T'(D4), from (19), we get
g(VLF)V, PW) = g(Ch(U, V), PW) = g(h*(U.V), PW) = PU(In \)g(V. W). (45)
Thus from (43)-(45), we get G((VE F)V, PW) = =V (In \)g(U, W)+ PU(In \)g(V, W),
for each U,V € I'(TM) and W € I'(D}). As p = In ) is a function on My, therefore
W () = W(ln ) =0, for all W € T(D4).

Conversely, let M be a SCR-lightlike submanifold of a golden semi-Riemannian
manifold M with totally real distribution D+ integrable satisfying g((V4, F)V, PW) =
—V(InA)g(U,W) + PU(In \)g(V,W), for each U,V € T(TM) and W € T'(D+). For
any U,V € T(D’) and W € I'(D1), we have g(FVyV, PW) = 0, then g(VyV, W) =
0, which implies that ViV € T'(D’), i.e. D’ defines a totally geodesic foliation
in M. Next for any V € I'(D) and U,W € I'(D4), from g((VLF)V,PW) =
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—V(In\)g(U, W) + PU(In \)g(V, W), we obtain
~V(ng(UW) =g(VyF)V,PW) = —g((FVyV, PW)
= —g(VuV,W) = g(V,VuW).
Using the definition of gradient g(V¢, V) = V¢, we obtain
g(VuW, V) = —g(Vp, V)g(UW). (46)

Let A’ be the second fundamental form of D+ in M and let V’ be the induced
connection of D in M, then for V € I'(D) and U, W € T'(D1), we get

g(W' (U W), V) =g(VuW = VW, V) = g(VuW, V). (47)
Then from (46) and (47), we get g(h'(U, W), V) = —g(Vu, V)g(U, W). Hence, using
non-degeneracy of D, we obtain
which implies that the distribution D is totally umbilical in M. By hypothesis, the
totally real distribution D= is integrable, using (48) and the condition Zu = 0 for any
Z € T'(D%) implies that each leaf of D~ is an intrinsic sphere in M. Thus, by similar

result in Theorem 3.10, M is locally a SCR warped product lightlike submanifold of
the type M x, M, in M, where A = e¥. 0

THEOREM 4.4. Let M = My x My be a SCR warped product lightlike submanifold
of a golden semi-Riemannian manifold M. Then we have

(i) The squared norm of the second fundamental form satisfies |h||? > 2k||V (In N2,
where V(In ) is the gradient of In X and k is the dimension of M .

(i) If the equality sign in ||h||* > 2k||V(In N)||* holds identically, then My is totally
geodesic in M and M is totally umbilical in M.

Proof. Let {X1, X2, X3,...,Xp41 = PXl,)gp+2 = PXQ,...N, Xop = PXP,Xgptl =
§1, Xopra = &2, -+, Xopyr = &, Xopyri1 = P, Xopyrio = P&, .o, Xopror = PEY,

be a local orthonormal frame of vector fields on My and {Z1,Zs,...,Z,} a local
orthonormal frame of vector fields on M , then we have
[B]? = [In(D", D)[” + [|h(D+, D)||* + 2||n(D', D*)|1%. (49)

Using Theorem 2.1 in (49), we obtain
IRl* = [|n* (D", D")|[* + [[p*(D*, D)|1* + 2||p° (D', DH)|1%.

We have
2p+2r k
||h’H2: Z g(hs(X“X]),hs(X“X]))—F Z g(hs(ZmaZn)7hs(Z'm7Zn))
i,j=1 m,n=1
2p+2r
+2 Z Z (B3 (X, Zm), W5 (X, Zm)).
i=1 m=1
Thus we get
2p+2r
=D Z (B (X, Zm), h* (Xis Zom))- (50)

i=1 m=1
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Using Lemma 3.7 in (50), we obtain

2p+2r k
IRl =2 Y > (XilnA)g(Zn, Zin) > 2k[V(In V)],

=1 m=1

which proves (i).
If the equality sign in ||k||? > 2k[|V(In A\)||? holds, then we have

h*(D',D') =0, h*(D*+, DY) =0 and h*(D', D*) c PD*. (51)

Since Mr is totally geodesic in M, then from first condition in (51), we get Mr is
totally geodesic in M. Moreover, M is totally umbilical in M. O
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