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Abstract. In the present paper we study the original Gromov-Hausdorff distance be-
tween real normed spaces. In the first part of the paper we prove that two finite-dimensional
real normed spaces on a finite Gromov—Hausdorff distance are isometric to each other. We
then study the properties of finite point sets in finite-dimensional normed spaces whose car-
dinalities exceed the equilateral dimension of an ambient space. By means of the obtained
results we prove the following enhancement of the aforementioned theorem: every finite-
dimensional normed space lies on an infinite Gromov—Hausdorff distance from all other
non-isometric normed spaces.

1. Introduction

The Gromov—Hausdorff distance is one of the most beautiful constructions in metric
geometry. It allows us to compare how similar two arbitrary metric spaces are. The
concept was first introduced in [4] by D. Edwards. Later, it became famous due to M.
Gromov’s paper [5] (see historical details in [12]). The classical Gromov—Hausdorff
distance between metric spaces X and Y is defined as the infimum of the Hausdorff
distances between the images X’ and Y’ of the spaces X and Y under all possible
isometric embeddings ¢: X — Z and ¢: Y — Z into an arbitrary metric space Z.

In most of applications the Gromov—Hausdorff distance is used to study compact
metric spaces. In the case of unbounded metric spaces the punctured spaces are
considered, i.e., the pairs (X, p) where X is an arbitrary metric space and p is one of
its points. Traditionally, in such situations the topology generated by the Gromov—
Hausdorff distance is of more interest than the distance itself. By B,.(x) let us denote
a closed ball of radius r centered at the point x. Then the sequence of punctured
metric spaces (X,,, p,) converges by Gromov—Hausdorff to a punctured metric space
(Z,p), if and only if the following conditions hold (see details in [3,8]): for every r > 0
and € > 0 there exists a natural number ng such that for every n > ng, there exists a
mapping f: B,(p,) — X with properties:
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2 Gromov—Hausdorff distances between normed spaces

(i) f(pn) =p;  (ii) dis(f) := sup{||a:x’| — \f(x)f(x')H z, 1 € X} <&

(iii) e-neighbourhood of the set f(B,(p,)) in X contains the ball B,._.(p).

In the present paper, we study the Gromov-Hausdorff distance in its original
sense. Restrictions of the Gromov—Hausdorff distance to various classes of metric
spaces possess fascinating and often unexpected geometric properties. For example,
let us consider the class (in the sense of NBG set theory) GH of representatives
of all isometry classes of metric spaces. The Gromov—Hausdorff distance defines a
generalised pseudometric on this class, i.e., is a symmetric, non-zero function, that
satisfies the triangle inequality. This space is called the Gromov-Hausdorff class. The
equivalence classes in GH under the relation: X ~ Y if and only if dgu(X,Y) < oo
— are called clouds. In the monograph [6] M. Gromov announced that each cloud in
G*H is contractible and gave an example of the cloud corresponding to R™. However,
it turned out later that there exist clouds which are not even invariant under the
multiplication of all their spaces by some positive number A (see details in paper [1]).

Here, we are studying the Gromov—Hausdorff distance between real normed spaces.
Unlike in [9], we consider the global Gromov-Hausdorff distance rather than the
Gromov—Hausdorff distance between the closed unit balls of normed spaces. For an
arbitrary e>0 let us call a mapping 71" between normed spaces E and F' an e-isometry,

if for all z,y € E, the following inequality holds: |||z — y||—||T(x) — T'(y)|| ‘ée. In the

paper [7] the following theorem is proved: if F and F are finite-dimensional normed
spaces and T: F — F' is a surjective e-isometry for some e, then there exists an
isometry I: E'— F such that ||T(x) — I(x)| < 5¢ for all € E. It follows from this
result that any two finite-dimensional normed spaces on a finite Gromov—Hausdorff
distance are isometric. In Section 3 we give a simpler proof of this theorem, based on
Theorem 3.1, which provides a natural sufficient condition for isometric embeddability
of a given bounded metric space into a given finite-dimensional normed space.

Equilateral dimension of a metric space is the largest cardinality of such its subset
that all the distances between different points of this subset are pairwise equal to each
other. In the paper [11] it is proved that the equilateral dimension of an arbitrary n-
dimensional normed space does not exceed 2. In Section 4 we study some properties
of finite sets of points in normed spaces whose cardinalities exceed the equilateral di-
mension of the ambient space. Based on the obtained results, we prove a new lower es-
timate on the Gromov—Hausdorff distance between a finite-dimensional normed space
and an arbitrary metric space of a larger equilateral dimension (see Theorem 4.4).
From this estimate we obtain the following enhancement of the main theorem of Sec-
tion 3: every finite-dimensional normed space lies on an infinite Gromov—Hausdorff
distance from all other non-isometric normed spaces.

2. Main definitions and preliminary results

We start with the introduction of some basic notation.
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Let X be an arbitrary metric space. We denote the distance between the points
x and y of X by |zy|. Let Uy(a) = {z € X: |az| <r}, By(a) ={z € X: |azx| <r} be
an open and a closed ball of radius r centered at the point a correspondingly. For an
arbitrary subset A C X we define U,.(A) = UycaU,-(a) — an open r-neighbourhood
of A. For non-empty subsets A C X and B C X by d(A, B) we denote a simple
distance between these subsets, namely, d(A, B) = inf{|ab\: a€Abe B}.

DEFINITION 2.1. Let A and B be non-empty subsets of a metric space X. The
Hausdorff distance between A and B is the value

dg(A,B) =inf{r >0: ACU,(B),B CU,(A)}.

DEFINITION 2.2. Let X and Y be metric spaces. If X', Y’ are subsets of a metric
space Z such that X’ is isometric to X and Y is isometric to Y, then we call the
triple (X', Y’ Z) a metric realization of a pair (X,Y).

DEFINITION 2.3. The Gromov-Hausdorff distance dgm(X,Y) between two metric
spaces X, Y is the infimum of positive numbers r such that there exists a metric
realization (X', Y’, Z) of a pair (X,Y) with dg(X',Y’) < r.

Let now X,Y be non-empty sets.
DEFINITION 2.4. Any subset 0 C X x Y is called a relation between X and Y.

Denote the set of all non-empty relations between X and Y by Po(X,Y).
Define rx: X xY = X, nx(z,y) =z, ny: X XY =Y, ny(x,y) =y.

DEFINITION 2.5. Relation R C X x Y is called a correspondence, if mx|r and my|r
are surjective.

Denote the set of all correspondences between X and Y by R(X,Y).

DEFINITION 2.6. Let X,Y be arbitrary metric spaces. Then for every o € Py(X,Y)
the distortion of o is defined as disc = sup{||a:x’\ —lyy'l|: (z,y), (=, y) € a}.

CLAM 2.7 ([3]). For arbitrary metric spaces X and Y the following equality holds
2dgy(X,Y) = inf{dis R: R € R(X,Y)}.

DEFINITION 2.8. Let X be an arbitrary metric space. By H(X) we denote the set
of all non-empty closed bounded subsets in X. The Hausdorff distance defines a
finite metric on H(X) (see, for example, [3]). The resulting metric space is called a
hyperspace of the space X.

THEOREM 2.9 ([3]). Let X be an arbitrary metric space. Then X is compact iff H(X)
18 compact.

THEOREM 2.10 ([3]). If X is a compact metric space and Y is a complete metric
space such that dgp(X,Y) =0, then X is isometric to Y.
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DEFINITION 2.11. The subset of an arbitrary metric space X is called equilateral if
all the distances between its distinct points are pairwise equal to each other. The
equilateral dimension of a metric space X is the largest cardinality of its equilateral
subset. We denote the equilateral dimension of X by ed(X).

THEOREM 2.12 ([11]). Let V' be an n-dimensional normed space. Then ed(V') < 2™.

THEOREM 2.13 ([2]). Let X be an arbitrary infinite-dimensional normed space. Then
for an arbitrary m € N there exists a finite equilateral subset in X of m points.

DEFINITION 2.14. Let X be an arbitrary metric space, and £ > 0 an arbitrary positive
number. The subset P C X is called e-separated, if for any two points p and ¢ in P
the inequality holds |pg| > «.

DEFINITION 2.15. Let V be a normed space, and m be some positive integer. We
denote the infimum of positive numbers r such that there exists a 1-separated set of
m points in B,.(0) by R, (V).

Finally, we need a few classical results.

THEOREM 2.16 ([3,13]). Let K be a compact metric space. Then an arbitrary iso-
metric mapping f: K — K is surjective and, hence, is an isometry.

THEOREM 2.17 ([10]). Two arbitrary normed spaces are isometric iff their closed unit
balls are isometric.

3. Finite-dimensional case

In this section we show that any two finite-dimensional normed spaces on a finite
Gromov—Hausdorff distance are isometric to each other.

THEOREM 3.1. Let V' be a finite-dimensional normed space and X be an arbitrary
bounded metric space. Suppose there exists a sequence of positive numbers (€, )neN
converging to 0 such that for any n there exists a mapping frn: X =V with dis(f,) < en.
Then the completion X of X is compact and both X and X can be isometrically em-
bedded into V.

Proof. Fix an arbitrary x € X. By t, denote a translation of V by the vector
—fn(x). Let g, = t, o f,. Since t, is an isometry, we have disg, = dis f,. For
every n € N, define X,, = ¢,(X) — a closure of g,(X) in the topology on V gen-
erated by the norm. By the definition of the distortion, for any points a,b € X the
inequality holds |[la — b]| — [|gn(a) — gn(b)||| < 5. According to Claim 2.7, we obtain
that dgy (X, gn(X)) < 5. Since dgy (gn(X),gn(X)) = 0, by applying the triangle
inequality we obtain that

En
dGH(Xa Xn) < dGH(X7 gn(X)) +dGH(gn(X)aXn) < ?
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Note that for every n € N the point 0 belongs to the set X,. Also, diam X,, <
diam X + ¢,. Hence, all X, belong to the ball B := Bgjam(x)+.(0), where ¢ is some
constant such that e, < c¢ for every n. The space V is finite-dimensional, thus,
B is compact. Therefore, H(B) is compact by Theorem 2.9. Sets X,, are closed
and bounded, so they form a sequence of points in H(B). Then it follows from the
compactness of H(B) that there exists a subsequence X,  that converges to some
non-empty closed and bounded subset A of B. Note that A is compact as the closed
subset of a compact ball B. Then for every s the following inequalities hold

der (X, A) <dgu(X,X,,) +deu(Xn,, A) <dgua(X, X,,) +du(X,,, A4).

The right side tends to 0 when s — co. Thus, dgg (X, A) = 0. Since dgg (X, X) =0,
the triangle inequality implies, that dGH()N(7 A) < den(X, X)+deu(X,A) =0, ie,
dgr(X,A) = 0. Then from Theorem 2.10 it follows that X and A are isometric. It
implies that X is compact and can be isometrically embedded into V. In particular,
X can be isometrically embedded into V.

LEMMA 3.2. If X,Y are normed spaces such that dgp(X,Y) <oo, then dgp(X,Y)=0.

Proof. Suppose dgp(X,Y) = ¢ < oo. Then for an arbitrary A > 0 the following
equalities hold c=dgu(X,Y)=deug(AX,\Y)=Xdeu(X,Y)=Ac. Hence, c=0. U

THEOREM 3.3. IfV,W are arbitrary finite-dimensional normed spaces with dg g (V, W)
< 00, then V and W are isometric.

Proof. From Lemma 3.2 we have dgg (V, W) = 0. Then, by Claim 2.7, for an arbitrary
positive number € > 0 there exists a correspondence R between V and W with the
distortion dis R < €.

Let us consider the unit balls B; = B} (0), By = B}V (0) of the spaces V, W corre-
spondingly. It follows from Theorem 3.1 that there exist isometric maps f;: By — Bs
and fg: By — By. Then f2 Of1 : B1 — B; and f1 Ofg: By — Bs are isometric embed-
dings. From Theorem 2.16 we conclude that the constructed mappings fso f1, f10 f2
are isometries. It follows immediately that f; and fy are bijective, so the balls B;
and By are isometric to each other. From Theorem 2.17 we conclude that the spaces
X and Y are isometric. O

EXAMPLE 3.4. Let us consider any two non-isometric normed spaces X and Y. For
example, two copies of R? one with the euclidean norm and one with the max-norm.
Let us also consider any e1-network o; in X and any es-network o5 in Y. Then it
immediately follows from the proven theorem that dgp (o1, 02) = co. In particular,
the Gromov-Hausdorff distance between Z? with metrics induced from X and Y
respectively is infinite.

4. Metric imbalance

We start this section with a few results about point sets in finite-dimensional normed
spaces whose cardinalities exceed the equilateral dimension of the corresponding space
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(which is finite due to Theorem 2.12). Firstly, we prove an important inequality that
characterizes such point sets.

THEOREM 4.1. Let V be a finite-dimensional normed space with ed(V) = p. Then
there exists a constant ¢ > 0 such that for an arbitrary set of m > p distinct points

V1,...,Un in V there exist three of them {v;,vj, v} such that
[|vi — vl
(v, v, %) = |— — 1| = c.
N [

Proof. Arguing by contradiction, suppose that for every ¢, = %, n € N,n > 6 there ex-
ist distinct points v}, ..., v, such that for all different i, j, k the following inequalities
hold ¢ (v}*, v}, vy) < €. For every A > 0 we have @(Avj', AT, Avy) = p(vf, v}, v),
so without loss of generality we assume that ||[v} — v%| = 1. Then inequalities
(v, v5,v7) < &, imply that [[v]v?| — 1| < &, for each i = 1,...,m. Hence,
from ¢ (v}, o7, v}') < &y, it now follows that

o7 = o7 Il = llop = v} ll] < enllor = vill < en(l+en) < 2en.
By triangle inequality,
o = o7 Il = 1] < [l = v}l = o} = o ] + [llof = v} = 1] < 3en.
Thus, for every distinct i and j the following equality holds ||vj* —v}|| = 1+, where

0] < 3ey. In particular, |lv; —vl|| > § for i # j.

Let us put " = (0,05 — v} ..., 0" —v}) € V™ and consider V™ with the norm
[|(v1,v2,...,vm)| = max, ||vg|. Note that the sequence £ is bounded due to already
established inequalities |[[vf — v}|| — 1| < €5, @ = 1,...,m. Consider the subset

P = {(vi,...,vm): [lv; —vs]| = % Vi # j} C V™ with the metric induced from
V™. Since [[v] — 0| > 1 for i # j, the sequence " lies in P. The space V™
is finite-dimensional so there exists a subsequence "¢ that converges to some & =
(w1, ..., W), which belongs to P due to the closeness of P in V™. Define a function
@: V™ — R by the formula @(v1,...,0n) = max;zj£p2; (v, v, v;). Note that ¢
is continuous on P. Since ¢(vj', v}, v}) = @(vi — vf, v} — vf, vy — vf), it follows
from the inequalities p(v]*, v}, v) < ep that (v —vf, v} — o', v — o) < e,. The
latter inequalities are equivalent to (0, vy — o}, ..., v — o) < £,. Hence, from the
continuity of @ on P we conclude that ¢(ws,...,w,) = 0. Thus, for every different
i,7,k we have ¢(w;,w;, wg) = 0 which is equivalent to ||w; — wi| = ||lw; — wk]|-
Therefore, (wi,...,wy) is an equilateral set in V' of cardinality m > ed(V) = p,
which is a contradiction.

Let V' be an arbitrary finite-dimensional normed space. Let us also fix a positive
integer m. We define a metric imbalance of V of order m as follows

em (V) = sup {c: V(vi,...,0m) € VTIi# j,j £k, k #i: ||lek| - 1’ > c}.
3 Vk

Note that in the definition of metric imbalance we consider m-tuples of necessarily
distinct points, so that v; # v; if i # j.
We conclude immediately from this definition that metric imbalance is a non-
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decreasing function of m. Besides, Theorem 4.1 implies that if m > ed(V) then
em(V) > 0.

THEOREM 4.2. Let V' be a finite-dimensional normed space. Denote its metric im-
balance by ¢y, := ¢y (V) and Ry, := R, (V). Then the following inequalities hold
2R+ 12 ¢y =2 Ry — 2.

Proof. Let us put t, = ¢ + %, n € N. By definition of ¢, there exists such set of
distinct points (27, ..., 2" ) that for all different i, j, k the following inequalities hold
@(z?,x?,xﬁ) < t,.

Note that for every A > 0 it holds ¢(x, 27, 2}) = @(Az], Az}, Axj). Hence, by
putting A = min;z; |2z} | and yj* = z;, we obtain such set of points (y7, ...,y ) that
for all different i, j, k we have p(y7, ¥}, yi) < tn, and also min;; |y;'y;'| = 1. By renu-
merating the points, without loss of generality we can assume that min;; |yfy;‘| =
ly?ys|. Let us put 2} = y7 —yi'. Since o(y7,y7,y3) = ©(Y7 —vi, ¥} =y i —y1) =
o(27', 2}, 2), a set of points (z7,...,z},) has the following properties: for every dif-
ferent i, j, k the inequalities hold ¢ (2], 27, 2}) < ty; mingz; |2]'27| = [27'25] = 1, and,
finally, 27" = 0.

For each k distinct from 1 and 2 the inequality holds ¢ (2}, 25, 21") < ty, therefore,

Iz::ﬁ‘ — 1‘ = ’|z{‘z}§| - 1' < t, from which it follows that |z72]| < ¢, + 1. Hence,
for every n all the points z}' belong to the ball By, 11(0). Besides, min;; |27 2} = 1.
Then by definition of R, for every n the inequality holds R,,, < ¢, +1+ % Therefore,
R, <c¢n+1.
Let us prove the second inequality. Consider an arbitrary 1-separated set aq, ..., amn
in V. By definition of the metric imbalance there exist such different indices i, j, k
laiaw| _ 4

that

lajak|
it is impossible for a 1-separated set of m points to lie in a ball of a radius less than
C’"—Q_l. Hence, R,, > C*"’Q_l which is equivalent to 2R, + 1 = ¢;,. O

> ¢y, Then, |a;ax| = (¢ — 1)|ajak| > ¢ — 1, which implies that

COROLLARY 4.3. IfV is a finite-dimensional normed space then mlgnoo em(V) = o0.
Proof. Inequalities from Theorem 4.2 imply that it suffices to prove that lim,,, o, Ry, =
o0. Suppose that is not true. From the definition of R,, we conclude that it is a non-
decreasing function of m. Then it follows from our assumption that there exists a
constant C' such that an inequality C' > R,, holds for all m. But this inequality would
mean that it is possible to find an arbitrarily large 1-separated set in B¢(0), which
contradicts its compactness.

THEOREM 4.4. Let Y be a finite-dimensional normed space with ed(Y) = n. Also let

X be an arbitrary metric space with an equilateral subset {x1,...,xm} of diameter d,
where m > n. Denote ¢y, := ¢y (Y). Then dgu(X,Y) > %min{g, 2(16:& } > 0.

Proof. Let R be an arbitrary correspondence between X, Y with the distortion dis R=t.

At first, we consider the case t < g. Choose an arbitrary y; € R(z;). In the
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considered case all y; are automatically different. By the definition of distortion

lyiy;| — |zsx;]| < t. Hence, the following inequalities hold
—2t _ |wize| =t < lyiyel < |x;xp| + ¢ 1= 2t .
d+t  |zjzg|+t |y k| |z —t d—t
According to Theorem 4.1 there exist such indices i, j, k that |9y || — 1‘ > Cm-
YiYk

2t de,
11 > Cpm, which implies t > 3 _:n;m

R € R(X,Y) its distortion is either not less than %, or not less than 2’1%. It follows

that disR > min{d dc—} Hence, by Claim 2.7 we obtain that dgy(X,Y) >

Then

. Thus, for an arbitrary correspondence

29 24Com

1 i d _dep,
len{Q,Hcm}. U

dey .
a2 = d. So for sufficiently large m

the estimate from Theorem 4.4 turns into dgy(X,Y) >

Note that Corollary 4.3 implies that lim

m—0o0 d

1

THEOREM 4.5. Let X, Y be normed spaces such as dim(Y) < oo anddgu(X,Y) < oo.
Then X 1is isometric to Y.

Proof. According to Theorem 3.3, it suffices to prove that X is finite-dimensional.
Suppose dim(X) = oco. Theorem 2.12 implies that the equilateral dimension of
Y is finite. Denote ed(Y) = n. By Theorem 2.13 there exists an equilateral set
T1,...,Tm € X of m > n points. Denote its diameter by d. Then for an arbitrary
A > 0 points Axq, ..., Ar,, form an equilateral set in X of diameter Ad. Hence, there
are equilateral sets of m > n points and sufficiently large diameters in X. Now,
Theorem 4.4 implies that dgg(X,Y) = oo, which is a contradiction. O
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