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Abstract. The concept of subordination is attributed to Lindel6f (1909), but Littlewood
and Rogosinski introduced the terms and discovered the basic relations. Two of the earliest
first-order differential subordinations were given in 1935 by Goluzin and in 1947 by Robinson,
but it was Miller and Mocanu who worked out the problem in detail. Different types of
differential subordination were considered in the early articles of the originators of this theory,
and then by other mathematicians. In this paper we introduce and explore differential
subordinations related to generalized Pythagorean means i.e. arithmetic, geometric and
harmonic means. By transferring the obtained results to the ground of analytic functions
we obtain new concepts in geometric functions theory.

1. Introduction

Following Lindelof, Littlewood and Rogosinski, we say that f is subordinate to g,
written as f < g or f(z) < g(z) (where f and g are analyticinD = {z € C: |z| < 1}),
if there exists a Schwarz function w (i.e. analytic in D, with w(0) = 0 and |w(2)| < 1,
z € D) such that f(z) = g(w(z2)), z € D. If, additionally g is univalent in D, then
f = g if and only if [£(0) = g(0), /(D) C g(D)].

Let H denote a set of all function holomorphic in D, and A be the subclass of H
consisting of functions f with a normalization f(0) = f/(0) —1 =0, and let CV C H
denote the subclass of convex functions h (i.e. such that hA(D) is convex set). Also,
let S denote the subclass of A of all univalent functions.

DEFINITION 1.1. Let ¢ : C2 — C and h € H be univalent. We say that a noncon-
stant function p € H[¢] if p satisfies the first-order differential subordination and is
called its solution if

b(p(2), 2p'(2)) < h(2), z€D. (1)
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2 Applications of harmonic and geometric means

If h € H is an univalent function such that p < h for all functions p € H[v] satisfy-
ing (1), then h is called a dominant of (1).

The condition (1) constitutes the most general form of the first-order differen-
tial subordination. However, we can specify it by the introduction of an additional
function ¢(p(z)) thanks to which it is possible to introduce various modifications, as
follows: 9 (p(z),p(2) + 2p'(2)¢(p(2))) < h(2), z € D.

The beginnings of the first-order subordination studies are due to Goluzin [1] who
considered the simple first-order differential subordination zp’(z) < h(z), that was
generalized in 1947 by Robinson [9] to the form p(z) + zp’(z) < h(z). For both cases,
under some assumption on h, the best dominants of subordination have been found.

The classical Pythagorean means i.e. an arithmetic (A), a geometric (G), and a
harmonic mean (H) of the positive real two numbers a,b have beautiful geometric
interpretation and satisfy H < G < A. All means were generalized to the weighted
cases or to their special version - convex weighted means. For the arithmetic mean
we have then A, (a,b) = (1 — a)a + ab, for the geometric G, (a,b) = a*b* =%, while
for the harmonic

1 ab
Ha(a,b) = a% +(1 —O[)% = Oé(b*a) +a7
where 0 < « < 1, that reduce to the classical case when o« = 1/2. All three means,
both in a classical and weighted sense found numerous applications in each fields of
mathematical sciences. Since in this paper we will deal only with generalized means, in
the sequel for simplicity, we will omit the parameter «, writing A, G, H for generalized
means instead of Ay, Go, Hy.

The fundamental example of the first-order differential subordination (1) related
to the arithmetic mean has been considered by Miller, Mocanu and Reade and was of
the form p(z) + azp/(z) < h(z), z € D, which is the case of arithmetic means of the
form A(p(z),p(2) + 2p/(2)) = (1 = a)p(2) + a(p(2) + 2p'(2)). If we put zp'(2)¢(p(2))
instead of zp/(z) we obtain p(z) + a zp’(2)e(p(2)) < h(z), z € D, that reduces to the
arithmetic case A(p(2), p(2) + 2p'(2)p(p(2))) = (1 — @)p(2) + a(p(2) + 2 (2)¢(p(2)))
which contains many special cases, for example p(z) + £ @) h(z), 2 € D, or, more

p(z)
general, Briot-Bouquet differential subordination [8, pp. 80-98]
zp'(2)
p(z) + ———— < h(z), z€D, p(z) #—v/p.
(2) (2 + 7 (2) (2) /

The first-order differential subordination related to the geometric mean has grown on
the basis of the work of Lewandowski et al. [7], who introduced v-starlike functions
consisting of f € A satisfying the inequality

() () e

that with p(z) = Z}CES) comes down to the geometric mean in (1)

, o= () 2 PN AN
Gl2).(2) + 2 (p(e) =0 (0) + ) =ote) (14 2 o))
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where ¢(p(2)) = 1/p(z), see [0].
The study of (1) related to the harmonic mean was started by the author in [5],
2p(2)[p(2)+2p' (2)]
2p(2)+zp'(2)
have been considered. Similar problems were continued by author in [4] where the
generalized harmonic differential subordination

H(p(2),p(2) + 2p'(2)) =

where the classical harmonic means of the form ¢ (p(z), zp'(z)) =

(2) [p(2) + 20’ (2)]
p(z) +azp'(2)
p*(2) +2p'(2)

(2) + azp'(2)/p(2)

p
or H(p(2),p(2) + 2p'(2)) = 5
have been studied.

The combined Pythagorean means appeared in [3], where the authors have inves-
tigated differential subordinations involving arithmetic and geometric means of the
form

) — a4 (1 — o [y 2 P D))"
V(p(2), 2p'(2) = alp(2)]° + (1 ){p( ) p@} '

The main aim of a paper is to involve all types of Pythagorean means by considering
the first-order differential subordination of the form

Y(p(2), p(2) + 20/ (2)0(p(2))) < h(2), = €D,
where h is convex in D.
The following definition and lemma are crucial to prove our results.

DEFINITION 1.2 ([8, p.21]). Denote by @ the set of functions ¢ that are analytic and
injective on D\ E(q), where

Bl@) = {¢ € 0D im o(2) = oo}
such that ¢'(¢) # 0 for ¢ € D\ E(q).

If ¢ € @Q then A = ¢(D) is a simply connected domain and its boundary consists
of either a simple closed curve or the union of pairwise disjoint simple regular curves,
each of which converges to co in both directions.

LEMMA 1.3 ([8, p. 24]). Let q be an analytic and univalent function on D, and ¢ € Q.
Let p be a non-constant analytic function in D with p(0) = ¢(0). Ifp is not subordinate
to q, then there exist points zo € D, (o € OD\ E(q), and m > 1 for which p(D.,|) C
q(Dyzy1), p(20) = q(Co), 20p'(20) = MmCoq'(Co). Here Dy, ={z€ C: [z] < |z] < 1}.

It is commonly known that h € CV with h’(0) # 0 is convex if and only if
zh'"(z)

Re (1
(s

We note that if h is a convex function and h(D) is bounded, then Oh(D) is a Jordan
curve and h has a continuous injective extension to D. If A(D) is unbounded, then for
every ¢ € 0D\ E(h) the unrestricted limit (2) =: h(¢) € C exists.

)>07 z € D.

lim h
D3>z—¢
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2. Combined means

Since arithmetic means have been the most frequently considered means, we focus on
harmonic and geometric means and their combinations. First, we consider harmonic
means of the expressions p(z) and p(z) + zp’(2)p(p(z)) with Re, ¢(p(z)) > 0. Some
special cases of combined means have been studied by the author in [5].

THEOREM 2.1. Let o € (0,1), h € Q be a convex function and let ¢ be analytic in a
domain containing h(D) and satisfying Re p(h(¢)) > 0 for ¢ € D\ E(h). Ifp € H[Y],
where (p(2), p(2) + azp'(2)e(p(2))) = H(p(2), p(2) + azp'(2)¢(p(2))) and

p(2)(p(z) + 2p'(2)¢(p(2))) (

H(p(2),p(2) + azp'(2)e(p(2))) = () + aop (e (p(2) < h(z), z€D,

then p(z) < h(z) in D.

Proof. We note that h(0) = p(0). Suppose, on the contrary, that p(z) £ h(z). Then,
by Lemma 1.3, there exist zg € D, ¢y € 9D\ E(h) and m > 1 such that p(z¢) = h({p)
and 2p’(20) = mGoh' (o)

Applying the above relations we obtain

P(20)(P(20) + 200" (20)(P(20))) _ h(Go) (A(Go) + mGoh’ (o) (h(C0))) @)
p(20) + azop’(20)¢(p(20)) h(Co) + amGoh/(Co)p(h(Co))

Because the function h is convex, h(ID) is the convex set and h({y) € Oh(D) for
Co € 0D\ E(h). Thus, there exists an open half-plane P, supporting the domain k(D)
at h(¢p). Thus h(¢p) € P. Since {ph'({p) is the outward normal to the boundary of
the convex domain h(D) at the point h({p), Rep(h(¢)) > 0 for ¢ € 9D\ E(h) hence
a vector h(Co) + magoh'(Co)e(h(¢o) € P (cf. the proof of [8, Theorem 3.4a]).

The key function in our next considerations is the inversion T'(z) = 1/z, for z # 0,
which has the involutory property T(T(z)) = 2. As a special case of the Mébius
transformation, 7' maps generalized circles to generalized circles and open sets to
open sets. First, we note that the harmonic mean is a composition of the arithmetic
mean and the inversion, i.e.,

1 1
H(u,v) = P g Y e o o T(A(T (u), T(v)).

Applying the inversion T to the halfplane P, we obtain a halfplane (when 0 €
OP) or some disk (when 0 ¢ OP), and both domains T'(P) are convex. Hence
A(T(h(¢0)), T(h(Co) + maloh'(Co)p(h(Co)) € T(P). Using the involutory property
of T we get

T(A(T(h(Co)), T(h(Co) + matoh’ (Co)e(h((o))) € P,
| () [(G) + mGoh () (R(Co))]
that is Bo) = =) + amGoh o) (b)) <

or equivalently B((y) & h(ID), which contradicts to the assumption. 0

Next, we consider the geometric mean of a particular form below.
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THEOREM 2.2. Let a,y € (0,1), h € Q be a convex function and let ¢ be analytic
in a domain containing h(D) and satisfying Re p(h(C)) > 0 for ( € 0D\ E(h). If
p € H[Yl, where ¢(p(2), p(2) + azp(2)¢(p(2))) = G(p(2),p(2) + azp'(2)p(p(2))) and

Glp(e).p(e) + azp )o(p(a)) = p(z) [LEELLIFCCD T e,

then p(z) < h(z) in D.

Proof. We first note that
G((p(2),p(2) + azp'(2)$(p(2))) = G(p(2), H(p(2), p(2) + azp/(2)$(p(2))
= p(z)' [mz)( p() + 20/ (2 >w<p<z>>>]”.
(2) + azp'(2)e(p(2))
The case v = 0 is obvious, then we will consider only v € (0,1). We note that

h(0) = p(0). As in the proof of Theorem 2.1 suppose, on the contrary, that p(z) 4
h(z). Then, by Lemma 1.3, there exist zo € D, {, € 0D\ E(h) and m > 1 such that
p(20) = h(Co) and 20p’(20) = mCoh’(Co)-

Applying the above relations we obtain
plz0) P(20)(p(20)+200" (20)p(P(20))) ] lh(<0)17[h((o)(h(Co)-FmCoh/(Co)@(h(Co))) } V

p(20)+azop’(20)¢(p(20)) h(Co)+amGoh/(Co)p(h(Co))

In Theorem 2.1 we prove that the expression B((p) in a square brackets of a right
hand side (2) is the element of a supporting half-plane P. Now, we prove that also
h(Co)[B(¢p)]” € P. In the connected open set C\ L, where L is the half-line from the
origin to infinity, such that L NP = (), the principal value of a branch of logw is well
defined. In the case, when P is the halfplane log(P) = S which is the horizontal strip
of width 7, so is the convex domain. Note also that the boundary points are mapped
onto boundary points. Then the arithmetic mean of log(h((p)) and log(B((p)) is also
the element of log(P) that is equivalent to

_ h(Co) (h(Co) + mCoh/ (o) (h( 0)))
(1 = os(h(G) 1o { S oG ol )
_ 1- (o) (A (<o) +mC0hl(Co ] }
=g {h ") [ (Co) + amdoh’ (o) (
=log {h(Co)' " "[B(0)]"} € log(P).
This and the univalence of log™'w in the strip S yields that h((o)'~7[B(¢)]” € P or
equivalently h((p)!=7[B((o)]” & h(D), which contradicts to the assumption. O

3. Special cases

REMARK 3.1. Let us note, that the result given in Theorem 2.1, in an abbreviated
form, are the following

H(u,v) =T(A(T(u), T(v)) < h=u < h, (3)
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and in the Theorem 2.2:
G(u, H(u,v)) = G (u, T(A(T(u), T(v))) < h = u < h. (4)
Hence, it has a much more general meaning, due to the fact that the arithmetic,

harmonic or geometric means can be replaced by special cases of those appearing in
Theorems 2.1 and 2.2. Examples of such applications are listed below.

Setting @ = 1/2,u = p(z) and v = p(z) + 2p'(2)p(p(z)) we have from (3) the
following corollary.

COROLLARY 3.2. Let h € @ be a convex function. Also let ¢ be analytic in a domain
containing h(D) and satisfying Re o (h(¢)) > 0 for ¢ € oD\ E(h). If p(0) = h(0),
p € H[Y], where ¥(u,v) = H(u,v) and
2p(2)(p(z) + 20 (2)¢(p(2)))
H -
)= o) + 2 ()ee(2)

< h(z2), z€D, (5)
then p(z) < h(z) in D.

Putting v = p(z),v = p(z) + B;’(’;()ZJZ(; we obtain from (3).

COROLLARY 3.3. Let a € (0,1) and 8 > 0, Red > 0. Also, let h € Q be a convex
function satisfying Re(Bh(z) +9) > 0,h(z) # —=6/8. If p(0) = h(0), p € H[], where
Y(u,v) = H(u,v) and

p(2) (p(Z) + B ) < i

H(uﬂ ’U) = 2’ (z
P(2) + o s

z), z €D,

then p(z) < h(z) in D.
Applying (3) to u=1/p(z),v = 1/(p(2) + 2p'(2)¢(p(2))) we have.

COROLLARY 3.4. Let o € (0,1) and let h € Q be a convex function. Also let v be
analytic in a domain containing h(D) and fulfilling Rep (h({)) > 0 for ( € 0D\ E(h).
If p(0) = h(0) =1, p € H[], where Y(u,v) = H(u,v) and

1

p(2) + azp'(2)p(p(2))

H(u,v) = < h(z), z €D,

then p(z) < h(z) in D.

Similarly, for the geometric means we obtain from (4) the following.
For a« = 1/2,u = p(z),v = p(z) + 2p'(2)p(p(z)), we have from (4) the next
corollary.

COROLLARY 3.5. Let v € (0,1) and let h € Q is a convex function. Also let ¢ be
analytic in a domain containing h(D) and satisfying Rep (h(¢)) > 0 for ¢ € D\ E(h).
1 p(0) = h(0), p € H[), where (u, v) = Glu,v) and
2(p(2) + 2p' (2)¢(p(2)))
G(u,v) = p(z
wi = T G
then p(z) < h(z) in D.

-
} < h(z), z €D,
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Setting v = p(z),v = p(z) + 2p'(2)p(p(z)), we obtain from (4) the following
corollary.

COROLLARY 3.6. Let o,y € (0,1), 8 > 0, Red > 0. Also, let h € Q be a convex
function such that Re(Bh(z) +60) >0, h(z) # —d/5. If p(0) = h(0), p € H[], where
P(u,v) = G(u,v) and

p(2) (p(2) + 5252
p(2) + o s

) v
< h(z), z €D,

then p(z) < h(z) in D.

Let u=1/p(z),v = 1/(p(2)+2p'(2)¢(p(2))) then by (4), we arrive at the following
corollary.

COROLLARY 3.7. Let o,y € {0,1) and let h € Q be a convex function. Also let ¢ be
analytic in a domain containing h(D) and satisfying Rew (h(¢)) > 0 for ¢ € OD\ E(h).
If p(0) = h(0) = 1, p € H[Y], where Y(u,v) = G(u,v) and

) ¥
G(u,v) = p(2) {p(z) +azp'(2)e(p(2)) }
then p(z) < h(z) in D.

< h(z), z€D, (6)

The preceding results yield a number of interesting special cases through suitable
choices of the convex function h. In particular, we consider the classical choices

h(z) = (1+2)/(1 - 2) and h(z) = [(1 + 2)/(1 - 2)]*.

COROLLARY 3.8.
Re H(u,v) = ReT(A(T(u), T(v)) > 0= Reu >0,

and Re G(u, H(u,v)) = Re G (u, T(A(T(u), T(v))) > 0= Reu > 0.
COROLLARY 3.9. Let A € (0,1). Then
A A
g H(u,0)| = | arg T(A(T(w). T@)| < o = Jarg u] < .

and |arg G(u, H(u,v))| = |arg G (u, T(A(T (u), T(v))) | < %T = |arg u| < /\771-

4. Aplication

The above theorems and corollaries give completely new results in Geometric Function
Theory depending on the choice of functions p and h, below.

Choosing ¢(p(z)) = 1/p(z), with p(z) = z/f(z), in Corollary 3.2 and 3.5, we
obtain the following theorem.
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THEOREM 4.1. Let o € (0,1), and let a convex function h € Q be such that h(0) = 1.
If fe Aand

z ( z _|_1_Zf/(z)

) < h(z), z€D, then L h(z) in D.

f(z) \ f(2) f(z)
z _ z2f'(z) f z
7o e (1 ie) ) (=)

THEOREM 4.2. Let o,y € (0,1), and let a convex function h € Q be such that h(0)=1.
If fe Aand

2z (= _ 2f(=)

: | 7o (f(z) T1-50
p )

TG | #5+a (1 ) )

For the same choice of ¢ and p(z), Corollaries 3.4 and 3.7 yield the next theorem.

) < h(z), zeD, then z/f(z) =< h(z) inD.

THEOREM 4.3. Let a € (0,1), and let a convex function h € Q be such that h(0) = 1.
If fe Aand

= < h(z), z€D, then inD.
1+a (12— ()

then 755 < h(z) in D.

—~

THEOREM 4.4. Let o,y € (0,1), and let a convex function h € Q be such that h(0)=1.
If f € A and

X
. )

f(2) 1+a(f(zzz)—f’(z))

< h(z), z€D, then z/f(z)=<h(z) inD.

Applying Corollaries 3.4 and 3.7 to ¢(p(z)) = 1, and p(z) = f'(z) we obtain the
following.

THEOREM 4.5. Let o € (0,1), and let a convex function h € Q be such that h(0) = 1.
If f € A and

’ 2f"(2)
1) (1 + 375

70
L+ a5

) < h(z), z€D, then f'(z) < h(z) inD.

THEOREM 4.6. Let a,y € {0,1), and let a convex function h € Q be such that h(0) =
1. If f € A and

1 + Zf/”(z) v
Fe) | | <h(z), €D, then f'(2) < h(z) inD.
HORES (o)
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5. Discussion

The solution of the problem of generalized three known Pythagorean means can be
found in the literature mainly in relation to the arithmetic mean, see e.g. [8].

Research on differential subordination of harmonic and geometric means has begun
with the works of [2-5]. In these papers, general theorems of differential subordination
covering harmonic, geometric, and combined (arithmetic and geometric) means were
discussed. In [4] and [2], the authors found the best dominants for special cases of
harmonic means.

However, it should be noted the importance and relevance of the considered prob-
lems. The obtained relations can be used to determine the properties of the solution
of a special differential equation as well as to determine the properties of inclusion
between classes of functions defined by subordination.

The most important, and still open, problem is to find the best dominant of such
subordination for an arbitrarily chosen convex function h, hence the direction of future
research may be to find the best dominants.
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quality of a paper, making it more rigorous and credible.
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