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ON JET LIKE BUNDLES OF VECTOR BUNDLES

Miroslav Doupovec, Jan Kurek and Wlodzimierz M. Mikulski

Abstract. We describe completely the so called jet like functors of a vector bundle E
over an m-dimensional manifold M, i.e. bundles F'E over M canonically depending on F
such that F(E1 xu E2) = FE1 X FEs for any vector bundles E; and E2 over M. Then
we study how a linear vector field on F can induce canonically a vector field on FE.

1. Introduction

This introduction contains rather intuitive presentation of the main results of the
paper. The strict presentation of all these results will start from the next section.

From now on, let M f be the category of smooth manifolds and all smooth maps,
M [, be the category of m-dimensional manifolds and local diffeomorphisms, F M
the category of fibered manifolds and fibered maps, F.M,, the category of fibered
manifolds with m-dimensional bases and their fibered maps local diffeomorphisms
as base maps, VB, ,, the category of vector bundles with m-dimensional bases and
n-dimensional fibers and vector bundle local isomorphisms, and VB, the category of
vector bundles with m-dimensional bases and vector bundle maps with local diffeo-
morphisms as base maps.

We point out that our research is a continuation of the general study of product
preserving bundle functors defined on different categories. The first fundamental
result of this type is the complete description of product preserving bundle functors
on Mf, see [4]. Next, I. Koldf and the third author [5] proved similar characterization
of fiber product preserving bundle functors on the category FM,,. The present paper
deals with fiber product preserving bundle functors on the category of vector bundles
VB,, instead of FM,,.

In this paper we use the notation and terminology from the book [4]. In particular,
geometric objects are precisely interpreted as (gauge) bundle functors and geometric
constructions have the role of (gauge) natural operators. Using such a point of view,
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244 On jet like bundles of vector bundles

the concept “canonical” means natural and “complete description” means all (gauge)
natural operators of specific type. For example, bundle GM canonically depending
on M from General construction 1 below means a natural bundle (bundle functor)
G : M fp, — FM in the sense of Nijenhuis, see [4].

Any manifold considered in the paper is assumed to be Hausdorff, second count-
able, finite dimensional, without boundary and smooth (i.e. of class C*°). All maps
between manifolds are assumed to be smooth.

Let E=(p: E — M) be a vector bundle over an m-manifold M and r be a non-
negative integer. The usual r-jet prolongation of E is the vector bundle J"E over
M of all r-jets jro at points € M of local sections o of E. Clearly, J"E depends
canonically on E and J"(E; X E2) = J"Ey X5 J" Es for any vector bundles Fy and
FE5 over M.

In the present paper we study the so called jet like functors of E, i.e. bundles F.E
over M canonically (functorially) depending on E and such that F(FE; X Es) =
FE; xp FEs for any vector bundles £y and Fs over M. Clearly, J"F is a jet like
bundle of . We have the following general construction of jet like bundles of F.

General construction 1. Suppose that we have a bundle GM over M canonically
depending on M such that the fiber G M of GM at x is canonically a J5(M,R)-
module for any © € M, where J,(M,R) is the usual commutative ring with unity
of r-jets at x € M of maps M — R. The fiber JE of J'E over x € M 1is a
Jy (M, R)-module in obvious way. Then we have tensor product JJE @ jr v ry GoM
over J5(M,R) of JIE and G, M, and we define FCE :=J, .\, JLE ®@yr(mr) Gz M .
Then FCE is a jet like bundle of E.

The first main result of the paper is following.
Main result 1. Any jet like bundle of E is FCE as above for some GM.

REMARK 1.1. Many jet like functors are presented in Remarks 5.1 and 5.2 below, the
most well known one is the classical r-jet prolongation functor J" . This justifies our
notation “jet like functor” from Definition 2.4 below. The full characterization of all
jet like functors will be given in Theorem 2.14.

Let X be a vector field on E. Then X is called linear if the flow of X is formed by
(locally defined) vector bundle maps of E. Then there exists a (unique) vector field
X on M such that Tpo X = X op.

Any vertical linear vector field X on E is complete. Indeed, X is vertical and
linear iff B := proo X : E — FE is a base preserving vector bundle map, where
pro: VE = FE Xy E — FE is the fiber projection onto the essential factor, and then
the (global) flow {f;} of X is given by (f;). =e'B+ : E, - E,, x € X, t € R.

Let Y be a vertical linear vector field on GM, where GM is as above, and let {¢; }
be the (global) flow of Y. Then Y is called vertical J" (M, R)-linear if (¢4), : Go M —
G:M is a JL(M,R)-module isomorphism for any ¢t € R and « € M.

Next, we fix a jet like bundle F'E of E and we study the problem how a linear
vector field X on E with the underlying vector field X on M can induce canonically
a vector field A(X) on FE. We may assume that FE = FCE.
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Let {f:} be the (local) flow of X. Then we have the (local) flow {J" f;} on J"E,
and consequently we have the corresponding vector field J"X on J"E. Replacing
J"E by FE we obtain the vector field FX on FE. Clearly, FX is an example of
such A(X).

If FE = J"E, an example of such A(X) is the Liouville vector field L on J"E.
The flow of L is {elidjrg}.

General construction 2. Suppose that there exists a vertical J" (M, R)-linear vector
field B(X) on GM canonically depending on X. (For example, we can take B(X):=
the Liouville vector field on GM.) Then the flow {1:} of B(X) is global and (1¢) :
G M — G, M is a J,(M,R)-module isomorphism over idyr () for any x € M and
teR. Let (Uy), := GtidJ;E ® (W)y : JIE & Jr(M,R) G.M — JE & Jr(M,R) G.M be
the module isomorphism obtained from the ones e'id;rp : J;E — JIE and (1), :
G:M — G.M in obvious way. Then we have the resulting flow {¥;} on FE. Let
L ®rvr)y B(X) denote the vector field on FE given by {W;}.

The second main result of the paper is following.
Main result 2. Any vector field A(X) on FE canonically depending on a linear
vector field X on E with the underlying vector field X on M is of the form
for some A € R and B(X) as above.

In the rest of the paper, the above results will be precisely presented and proved.

2. The jet like functors on V5,

DEFINITION 2.1. A gauge bundle functor (gh-functor) on VB,, is a covariant functor
F :VB,, — FM such that the conditions (a)—(d) are satisfied.

(a) every VB,,-object E = (E — M) is transformed into a fibered manifold g :
FE = M,

(b) every VB,,-morphism f : ' — E; with the base map f : M — M, is transformed
into a fibered morphism Ff : FE — FEy over f: M — M,

c) lor every m-object I/ = — and every open subset U C the inclusion
f VB,,-object E = (E — M) and bset U C M the inclusi

i: Ejy — E induces diffeomorphism Fi : F(E\U) — n5" (U),

(d) F transforms smoothly parameterized families of V/B,,-maps into smoothly pa-

rameterized families.

DEFINITION 2.2. Given gb-functors F; and Fy on VB,,, a natural transformation
n : F1 — F5 is a system of base preserving fibered maps ng : F1E — FyFE for every
VB,,-object E satisfying F»f o ng = ng: o Fy f for every VB,,-map f: E — FE'.

DEFINITION 2.3. A gb-functor F' on VB, is of order r if for any VB,,-maps f,g :
E — E; with the base maps f, g : M — M, and any point € M from j f = jig (i.e.
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from jIf = jlg for any z € E,) it follows F, f = F,g, where F,.f : [, E — Fy;)Ey is
the restriction of F'f : FE — FE; to respective fibers. B

DEFINITION 2.4. A gb-functor F' on VB, is called a jet like functor if it is fiber
product preserving, i.e. if F(E; X Eo) = FE; Xy FEy modulo (Fprq, Fpry) for
every VB3, objects E; and Fy with base M, where pr; : Fy Xy E5 — Ej; is the fibered
projection.

We recall that in [9] it is proved that any jet like gbh-functor on VB, is of finite
order.

EXAMPLE 2.5. Let 7 be a non-negative integer. The usual r-jet prolongation functor
J" sending any VB,,-object E with base M into the space (vector bundle) J"E of
r-jets jro at points x € M of local sections ¢ : M — E of E and any VB,,-map
[+ E — E; with the base map f : M — M into the induced map (vector bundle
map) J'f : J'TE — J"E; given (correctly) by J"f(n) := j;(x)(f oo oi_l) for all
n € JIE and © € M, where o is a local section of E with n = juo, is a classical
example of a jet like functor of order 7.

DEFINITION 2.6. Replacing VB,, by M f,,, we obtain the concept of bundle functors
of order r on M f,, and their natural transformations.

EXAMPLE 2.7. An important (for us) bundle functor on M f,, of finite order r is the
usual r-jet functor J"(—,R) : Mf,, — FM sending any M f,,-object M into the
bundle J"(M,R) over M of r-jets ji~ at points € M of maps v : M — R, and any
Mfm-map ¢ : M — M’ into the induced map J"(p,idg) : J"(M,R) — J"(M',R)
given (correctly) by J"(p,idr)(g) := j (v © o~ 1) for all g € J(M,R) and x € M,
where v : M — R is a map with g = jI~v. We see that the fiber J% (M, R) is (in obvious
way) a commutative ring with unity (even it is a real algebra) for any M f,,-object
M and any z € M, and J.(p,idr) : JZ(M,R) — J;(z)(M’,R) is a ring isomorphism
for any M f,-map ¢ : M — M’ and any = € M.

DEFINITION 2.8. Let 7 be a non-negative integer. A J"(—, R)-module bundle functor
on Mf,, is a bundle functor G on Mf,, of order r such that the following condi-
tions (i)—(ii) are satisfied.

(1) GxM is a JZ(M,R)-module for any m-manifold M and any x € M such that the
resulting maps + : GM xpy GM — GM and - : J(M,R) x)y GM — GM are of
class C*°.

(ii) Gap: GoM — GyyM' is a module isomorphism over J7 (¢,idr) : J;(M,R) —
J;(m)(M’,R) for any M f,,-map ¢ : M — M’ and any x € M.

DEFINITION 2.9. If G’ is another J”(—, R)-module bundle functor on M f,,, a natural
transformation G — G’ of J"(—,R)-module bundle functors is a natural transforma-
tion u : G — G of bundle functors such that p, : G,M — G’ M is a module
homomorphism over id jr(ar) for any m-manifold M and any point = € M.
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ExaMPLE 2.10. A simple example of a J"(—,R)-module bundle functor on M f,, is
the r-jet functor J"(—,R). Indeed, JI(M,R) is the JI(M,R)-module (in obvious
way).

PROPOSITION 2.11. Let r be a non-negative integer. Let F : VB,, — FM be a jet
like functor of order r. Then FE — M is (canonically) a J"(M,R)-module bundle
for any VB,,-object E = (E — M). More precisely, we have the following conditions:
(i) F.E is a J,(M,R)-module for any VBp,-object E = (E — M) and any x € M
such that the resulting maps + : FE Xy FE — FE and - : J'(M,R) x)y FE - FE
are smooth.

(i) Frpf : Fu E — Fi(%)E1 is a module map over J3(f,idr) : J(M,R) — J}(x)(M17R)
for any VB,,-map f : E — E' with the base map fiM— M and any zeM.

Proof. We define the fiber sum map of F'E to be
F(+):FExy FE=F(E xpy E)— FE,

where + : F Xy F — F is the fiber sum map of F treated as a VB,,-map. We define
the fiber multiplication map - : J"(M,R) x,; FE — FE by p-v := F¥(v), for all
p € JI(M,R), x € M and v € F,E, where v : M — R is a map with jIvy = p, and
where 4 : E — F is the base preserving VB,,-map given by J(w) := y(x)w for all
w € F,, x € M. Since F is of order r, this definition is correct, i.e. independent of the
choice of such 4. Then one can easily show conditions (i) and (ii) of the proposition.
For example, since F is a functor, from 4172 = 41 o 42 it follows (jLy1j572) - v =
Jzv1 - (472 - v), or more detailed, (jzy1572) - v = jz(1172) - v = Fani72(v) = Fu(Fr 0
¥2)(v) = Fp1 0 Fpe(v) = Foin (Fuy2(v)) = jiy - (Jivye - v). Similarly, since F is a

—_~—

functor, from fo#4 = (yo f') o f it follows F,f(jivy-v) = j§($)(7 o f™1) - Euf(v).

The other module and module map axioms can be similarly verified. O

Consequently, any jet like functor on VB, of finite order r induces a J"(—,R)-
module bundle functor on M f,,,. More precisely, we have the following example.

EXAMPLE 2.12. Let r be a non-negative integer. Let F' be a jet like functor on VB,
of order . We put GFM = F(M x R) , G¥p := F(p x idg) for any M f,,-object
M and any M f,,-map ¢ : M — M’. Applying Proposition 2.11, we see that G is a
J"(—,R)-module bundle functor on M fp,.

Conversely, any J"(—, R)-module bundle functor on M f,, (with finite r) induces
a jet like functor on VB, of order r. More precisely, we have the following example.

EXAMPLE 2.13. Let r be a non-negative integer. Let G be a J"(—, R)-module bundle
functor on Mf,,. If E = (E — M) is a VB,,-object and = € M, we put FCFE :=
Jy E @ grur) G M, the tensor product over J; (M, R) of the J; (M, R)-modules J; E
and G, M. For any VB,,-map f : E — E' with the base map f : M — M! and
r € M, we define F¢f : F’E — FJE;(I)E1 to be the module map over J(f,idg) :

J;(M, R) — JE(I) (Ml,R) satisfying ﬁ’Gf(e ®J£(M,]R) 1}) = J;f(é) ®Jfr(m)(M1’R) Gxi(’l))
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for any € € J'F and any v € G,M. Clearly, the functor F'® such that FCE :=
Upers FEE and FOf :=J, o) FE f is a jet like functor on VB,, of order r.

The main result of this section is the following

THEOREM 2.14. Let F be a jet like functor on VB, of finite order r. Then F = jac
modulo VB,,-natural isomorphism of gauge bundle functors. If F = FY then G = G
modulo isomorphism of J"(—,R)-module bundle functors on M f,.

Proof. We define a VB,,,-natural isomorphism F’ G" _, F as follows. Let E = (E —
M) be a VB,,-object and € M be a point. We have a correctly defined (as F' is of
order r) a JI(M,R)-bilinear map « : J'E x GEM — F,E given by

a(n,v) = F,o(v)

for any n € JIE and any v € GEM = F,(M x R), where o is a local section of E
with n = jlo, and where ¢ : M x R — F is the base preserving VI3,,-map given by
o(u,t) = to(u), (u,t) € M x R. For example, since ¥6 = 4 o ¢ for any section o of
E — M and any v : M — R, we have a(jiv - jio,v) = a(ji(yo),v) = Fyy0(v) =
F.(700)(v) = Fy70 Fo(v) = Fy(a(jio,v)) = jiy - a(jio,v). That is why « is
JI (M, R)-linear in first factor. Further, since F,,6 : Fy(M xR) — F,E is a J.(M,R)-
module map (by Proposition 2.11), we obtain the J7 (M, R)-linearity of v in the second
factor. Equivalently, we have the J (M, R)-linear map

a:JiE & Jr(M,R) GEM — F.E.

So, we have the VB,,-natural transformation F' G" L F. Ttisan isomorphism as it is
an isomorphism for £ = M x R and both F G" and F are fiber product preserving.
That is why, FF = F &" modulo isomorphism. Moreover, if F' = F¢ then

GLIM = F,(M xR) = FS(M x R) = J,(M,R) ®r(ar,r) GaM = G, M. O

By Theorem 2.14 we have the following expression of rth order jet like functors
FE = JE ®jrupry GM for any VB,,-object E — M, where G is some J"(—,R)-
module bundle functor on M f,,, namely, G = G¥. Other description (but more
complicated) of jet like functors on VB3,, can be found in [9].

REMARK 2.15. A jet like functor F' on VBB, is called vertical if for any VB,,-objects
E — M and E; — M with the same basis M, any * € M and any base preserving
VB,,-map ¢ : E — Ei, Fyp : F; E — F,FE; depends only on ¢, : E, — (E1),.
An example of such F is the vertical r-jet prolongation (J})E = U,y J7 (M, Ey).
Given a vertical jet like functor F' on VB,,, by the proof of Proposition 2.11 and
Example 2.12, the J7(M,R)-module multiplication of J7(M,R) on GEM satisfies
Jzv v = v(x) - v. Then JiE ®)r k) GEM = E, @g GEM, where we identify
J20 @rur) v With o(z) ®g v. Thus we have the following expression of rth order
vertical jet like functors FE = E Qg GM for any VB,,-object E — M, where G
is some vector bundle functor on Mf,, of order r, namely, G = G¥. Of course,
F.fle®rv) = fu(e) ®r Gof(v) for any (e Qg v) € E, ®r GoM, x € M. Such
description was observed in [7] in another way (by using the results of [9]).
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3. The iteration

Let F': VB,, = FM be a jet like functor. Using Proposition 2.11, we can see that if
E — M is a vector bundle, then F'EE — M is also a vector bundle. This means that F'
has values in VB3,,, so that one can iterate jet like functors. Clearly, the composition
of jet like functors is a jet like functor as well. For the iteration of two jet like functors
we prove

PROPOSITION 3.1. Let F' = F&' and F? = FG be two jet like functors of order '
and 2, respectively. Then the composition F = F! o F22 is a jet like functor of order
r=r! 4712 We can write F = FC, where G = G¥ °F". Then
rt 2 1
GM=J"G M®JT1(M’R)G M

for any m-manifold M, and Go : GM — GM; is naturally induced by J’”IGng :
JGEM — JT G2M, and Glo : GYM — G'M; for any Mf,,-map o : M — M.
Moreover, given a point z, € M of an m-manifold M, the module multiplication
o dy (M,R) x Gpy M — G, M satisfies
1 1 2
joy- (g o D 11 (a1,R) v) = jo (x— jy v-o(x)) ® et (M) Y

for any section 0 : M — G?*M of G?M — M, any map v : M — R and any
v E GglcoM, where - (on the right of the equality) is the module bundle multiplication
on G*M.

Proof. We have GM = F&' (FE* (M x R)) = FE' (G2M) = J" G*M & ;1 (1) G'M

and Gy = FO F¥ (¢ x idg) = FO' G2p = J" G2p ® et (. R) Gy . Moreover, let

vy : M X R — M x R be clleﬁn2ed as in the proof of Prlopog,ition1 2.11. We have

j;O’Y'(j;oo-@J;i(M,R),U) = FG FG &(];OU(@J;(I)(M’R)U) =J" FG P?(j‘;"a)@c];i(]\/f,ﬂ@)v =

el 2 el .2

J5, (@ = FEH(0(2)) @ 5 (a0 = G5, (2= 55 7+ 0(2)) @ 0 gy ¥ - -
By this proposition, jet like functors (which are defined on VB,,) are very often

not commuting. On the other hand, the iteration of fiber product preserving bundle
functors defined on other categories was studied in [1] and [2].

4. Lifting linear vector fields to jet like functors on V5,

We fix a regular fiber product preserving gauge bundle functor F' on VB, of finite
order 7. By Theorem 2.14, we may assume that F = F¢ for some J"(—, R)-module
bundle functor G on Mfy,, ie. F.E = JiE ®rupr) GoM for any VB,,-object
E=(FE— M) and any z € M.

DEFINITION 4.1. A vector field X on a vector bundle F is called linear, if the flow of
X is formed by (locally defined) vector bundle maps of E.

Then X : E — TFE is a homomorphism of vector bundles. An example of a
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linear vector field is the classical Liouville (or Euler) vector field L on E defined by
Ly, = %“:O(y +1ty), y € E. Then the flow of L is {e’idg}.

We will use the following well known concept of (gauge) natural operators.

DEFINITION 4.2. A VB,, ,-gauge natural operator A : Tyinjyp,, , ~ TF (lifting linear
vector fields X on VB,, ,-objects E = (E — M) into vector fields A(X) on FE) is a
VB, n-invariant family of regular operators (functions) A : X134 (F) — X (FE) for all
VB, n-objects E = (E — M), where X1i,(E) is the space of all linear vector fields
X on E (i.e. with flows formed by VB, ,-maps) and X (FE) is the space of all vector
fields on F'E. The invariance of A means that if X € X1;,(F) and X1 € X13,(F1) are
f-related by a VB,, ,-map f : E — E; (i.e. TfoX = Xjof), then A(X) € X(FE) and
A(X1) € X(FE,) are F f-related. The regularity means that A transforms smoothly
parameterized families (of linear vector fields) into smoothly parameterized families.

Because of the locality condition (c) of the definition of gh-functors, any VB, ,-
natural operator A as above is local, i.e. for any VB, ,-object E = (p : E — M),
any X, X; € Xyn(F) and any open U C M from X,y = Xi)p-1(vy it follows
AX) rzr ) = A& )

EXAMPLE 4.3. If F = J", an example of such A is given by A(X):=the Liouville vector
field L on J"E for any linear vector field X on a VB, n-object E = (p : E — M).
The flow of L is {e'idjrp}.

EXAMPLE 4.4. An example of such A is also the flow operator F : Tysnyg,, , ~ TF
sending any X € AX1;,(F) into FX € X(FE) such that if {f;} is the (local) flow of
X then {F(f:)} is the (local) flow of FX. We can apply F' to f; because f; is a
VB, n-map as X is linear.

DEFINITION 4.5. Let G be the fixed J"(—,R)-module bundle functor on M f,,. Let
M be an m-manifold. A vertical linear vector field Y on GM with the flow {¢,} (being
global as remarked in Introduction) is called J"(M, R)-linear if (¢1), : GoM — G, M
is a JI(M,R)-module isomorphism for any t € R and « € M.

Equivalently, a vertical vector field Y on GM is J"(M,R)-linear iff the corre-

sponding base preserving vector bundle homomorphism Y : GM — GM (such that
Y, = %It:o(y—FtY(y)) for any y € G, M and x € M) is J; (M, R)-linear on G, M for

any © € M. (Indeed, the (global) flow {1} of Y satisfies (¢;), = etYe for any x € M
and ¢t € R.) Consequently, we have the vector space of all vertical J”(M,R)-linear
vector fields on GM.

DEFINITION 4.6. A M f,,,-natural operator B : Tiry,, ~ Vyr(— ry—1iaG (lifting vector
fields X on M fp,-objects M into J" (M, R)-linear vertical vector fields B(X) on GM)
is an M fy,-invariant family of regular operators B : X (M) — X723/ ) _15,(GM) for
all M fy,-objects M, where X725, &) _1;,(GM) is the space of vertical J" (M, R)-linear
vector fields on GM.
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EXAMPLE 4.7. An example of such B can be given by B(X):=the Liouville vector
field on GM for any vector field X on an m-manifold M. (The flow of the Liouville
vector field on GM is {efidgn}.)

ExAMPLE 4.8. Consider an M f,,-natural operator B : T\rqs, ~ Vjr(— r)—1iaG. Let
E=(p:E — M) be a VB, ,-object and let X be a vector field on M. Then
B(X) is vertical J"(M,R)-linear on GM. Then the flow {¢»} of B(X) is global
and (¢¢), : GoM — G M is a J; (M, R)-module isomorphism over id jr(asr) for any
z € MandteR. Let (V) :=e'idyrg® (¥t)e : JpEQ rupr) GaM — JE® jr (0 )
G, M be the module isomorphism obtained from the ones etid];‘E :JoE — J7E and
(Vt)z : GaM — G, M in obvious way. Then we have the resulting flow {¥;} on FE.
Let L ® jr(pr) B(X) denotes the vector field on FIE given by {W;}.

REMARK 4.9. We underline that L ® jr(psr) B(X) is not linear in B. Indeed, the
flow W<7> of 7(L ® jr(a,r) B(X)) satisfies (U777 ), = e™idjrp @ (¢r1), and the flow

W) of L ®gr(m,r) TB(X) satisfies (\IIET))QJ = etidJ;E ® (Yrt)e-

THEOREM 4.10. Let F' and G be the fized data. Given a VB, ,-gauge natural operator
A Tinva,,, ~ TF, there is a (uniquely determined by A) real number X\ and a
(uniquely determined by A) M fy,-natural operator B : Tiyy,, ~ Vir(— r)—1inG such
that A(X) = AFX 4+ L ® jr(v,ry B(X) for any linear vector field X € Xijn(E) on a
VB, n-object E = (E — M) with the underlying vector field X € X (M) .

Proof. We extend (and correct a little) the proof of the main theorem of [7] as follows.
Let R™™ = R™ xR" be the trivial VB,, ,-object over R™ and (z!,..., 2™ y! ... y")
be the usual coordinates on R" ™. Consider a VB,, ,-gauge natural operator A :
TyinvB,,,, ~» TF. Such A is uniquely determined by A(%) over 0 € R™ as any
linear vector field X with the non-vanishing underlying vector field is 8%1 in some
VB, n-trivialization.

By the invariance of A with respect to fiber homotheties, Tm o A(%)(u) =
T o A(524)(0) € ToR™ = R™ for any u € FoR™", where 7 : FE — M is
the bundle projection. Then by the invariance of A with respect to VB,, ,-maps
(xl t2?, .. ta™ gyt . y™) we derive that T'w o A(%)(u) = Ae; for some X\ € R,
where e; = (1,0,...,0) € R™. Replacing A by A — A\F, where (A — A\F)(X) :=
A(X) — MFX for all linear vector fields X on VB, ,-objects E, we can assume
Tro A(32:)(u) = 0 for any u € FoR™". Then A(X) is vertical for any X € X1;,(E)
and any VB, ,-object E, because A is determined by A(a%l)woRm,n.

Let X € X(M) be a vector field on an m-manifold M. We consider X as the
linear vector field on M x R™. Then we have a base preserving fibered map A(K )
GM — GM given by A(X)(v) = prioloPryoA(X)(jhey ®yr(mr) V) € G M for all
v € G,M and x € M, where

Pro: V(F(M X R")=F(M x R") xpy F(M x R") = F(M x R™)
is the projection on the second essential factor, VE=FE Xy E is the standard identifi-
cation for vector bundles E — N (i.e. given by %lt:o(g +tn)=(&,n) for £,n € E, and

pEN), I:F(MxR")=GM xpr...xp GM (n times) is the fiber product preserving
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identification (as GM=F(M xR)), pr1 : GM Xps... X GM — GM is the projection
on the first factor and eq,...,e, is the usual basis of sections of M x R™.
Thus we have a vertical vector field B(X) on GM given by

B(X)(v) = %hzo(v +t(A(X)(v) —v)) for all v € G,M and = € M .

We are going to show that B(X) is J"(M,R)-linear, i.e. that the flow {:} of
B(X) is such that (¢1), : GoM — G, M is a J(M,R)-module isomorphism for any
(t,z) e R x M.

For this we firstly show that A(K)z : GoM — G,M is an endomorphism of
JI(M,R)-modules for any « € M or (more) that

prioloPryo A(X) o Fy(w)=FyoprioloPryoA(X)(w)
for any w € F(M xR"), x € M, v: M — R, where ¥ : M x R* —» M x R"
ory: M xR — M x R are defined from ~ as in the proof of Proposition 2.11 for
E=MxR"or E=M xR.

To prove the last equality, we consider w € F,(M x R™), z € M, ~v: M — R. By
the regularity, we may assume ~(z) # 0. Then the map 5 : M x R® - M x R" is a
VB, n-map over some neighborhood of . Then F¥ and Pry o A(X) are commuting
because of the VB,, ,-invariance of A and of the fact that the base map of 7 preserves
X (this base map is the identity map of M). Further, since F is fiber product
preserving gb-functor and 4 o p; = p; o7, where p; : M x R® — M x R is the
fiber-projection, then F4opr; ol = pry ol o F4. These facts imply the equality in
question.

However, the flow {1} of B(X) satisfies (1), (v) = e(A(X)e—idcen)y for all v €
G,M and all t € R and all z € M. Then the flow {¢,} is global and (¢¢), : Go M —
G, M is a J(M,R)-module isomorphism for any (¢,z) € R x M. So, B(X) is vertical
J" (M, R)-linear.

Let E = (p: E — M) be a VB, ,-object and let X be a linear vector field
on E with the underlying vector field X on M. It remains to show that A(X) =
L ®jr(mry B(X), ie. that A(X)(u) = (L ®@,rr) B(X))(u) for any u € F,E and
x € M. We may (of course) assume F =R™" and X = % and z =0 € R™.

For simplicity, we will write ® instead of ® jr(psr)- Then

prioloPryo(L® B(%))(jgﬁ ®@uv)=prioloPryo A(%)(jgel ®v) (1)
for any v € GoR™, where prq, I, Pro are as above with R™ instead of M. Indeed, the
flow W, of L ® B(52r) satisfies (U, )o(jier ® v) = etjiey @ e/ Aaimo—idaomm)y, where
v € GoR™ and t € R. Then Pryo (L ® B(%))(jéel ®v) = %lt:o(\llt(jgel Q) =
joer ® v+ jler ® (A(a%l)(v) —v)=jle1 ® A(a%l)(v) . Then we have (1), as well.

Next, if ¢ = 2,...,n, then by the invariance of the operators A and L ® B with
respect to the VB, ,-map (z!,...,2™ y%, ....y" + y',...,y") preserving % and
v € GoR™ and sending e; into ey + e;, we obtain from (1) the equality (1) with jje;
instead of jges.

Then, since the elements jje; ® v generate JJ (R™, R)-module FyR™™, we have (1)
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for any u € FoR"™" instead of jje; ®v. Then by the invariance with respect to VB, n-
maps idgm X % for linear isomorphisms v : R™ — R™ permuting fibered coordinates
we get Pry o A(32r)(u) = Prao (L ® B(3%))(u) for any u € FyR™™. That is why,
A(3%) = L ® B(32) over 0 € R™. O

COROLLARY 4.11 ([10]). Given a VB, n-gauge natural operator A : Tynyg,, , ~ TJ",
there exist (determined by A) real numbers X and « such that A(X) = A\T" X +aL for
any linear vector field X on a VB, ,-object E = (E — M), where L is the Liouville
vector field on J"F.

Proof. Let G = J"(—,R) be the usual J"(—,R)-module bundle functor on M fy,.
Clearly, any M fy,-natural operator B : Tirf, ~ Vyr(—Rr)-1inG is determined by
Prqy o B(%)(jgl), where Pry : VGR™=GR™ xgm GR™ — GR™ is the projection
on the second (essential) factor. (Indeed, B is determined by module morphism
(Prs o B(32r))o : GoR™ — GoR™ and the module GoR™ is generated by jj1.)
Using the M f,,-invariance of B with respect to the homotheties, we deduce that
Pry o B(a—il)(jgl) = (41 for the real number 3. Then B(X) = SL for any vector
field X on an M f,,-object M, where L is the Liouville vector field on GM. On the
other hand, the jet like functor F'¢ corresponding to G' = J"(—,R) is the usual r-jet
prolongation functor J” on VB,,. U

REMARK 4.12. We recall that the prolongation of vector fields was studied by many
authors. For example, 1. Kolar classified all natural operators transforming vector
fields on a manifold M into vector fields on FM, where F is any Weil (equivalently
product preserving) bundle functor on M f,,, see [4]. In the case of fibered manifolds,
D. Krupka [6] defined the flow operator (also called complete lift) of projectable vector
fields from Y — M to its r-jet prolongation J"Y. Next, I. Kolaf and J. Slovék proved
that all natural operators of this type are constant multiples of the flow operator
J", [4]. On the other hand, the present paper deals with vector bundles instead of
general fibered manifolds and with linear vector fields instead of projectable ones. In
particular, we lift linear vector fields to jet like functors (not only to J”) and classified
all such operators. We point out that in the case of vector bundles, linear vector fields
are projectable, but not vice versa. So in the case of F = J" and a vector bundle F,
our flow lift J" of a linear vector field X on E to J"E coincides with the complete
lift of X (treated as a projectable vector field on fibered manifold E) in the sense of
D. Krupka [6].

5. Remarks

REMARK 5.1. There are many classical examples of jet like functors on VB,,. For
example, for every VI3,,-object E — M we have its classical r-jet prolongation J"E —
M, which is called holonomic. Further, the functor J” of nonholonomic jets is defined
by iteration J” = J'o--- o J' (r times), see [3,8]. Moreover, the rth semiholonomic

prolongation J'E C J'E is defined by the following induction. Write T7'E = E,
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le = J'E and assume we have defined jr_lé' gl JlE juggl that the restriction
of the projection f,_1 : JT7™'E — J"~2E maps J EintoJ ~E. Then we have an
induced map J'B,_1 : JT'E = J'T ?E and we can define

TE={UcJ'T 'E|B.(U)=J'8._,(U) e T 'E}.

One can also define other kinds of subspaces in J'E. For example, the rth sesqui-
holonomic prolongation J*E = JY(J" " EYNJ E, see [8]. Of course, J2E coincides
with J°E and for r > 2 we have J"E C JrE ¢ J'E C J"E. Clearly, all the functors
Jr, Jr, J and J” preserve fiber products. Many other new jet like functors can be
obtained as the kernel of the jet projection (J"E — J*FE) for s < r.

REMARK 5.2. Many other examples of jet like functors on V13,,, can be obtained by ap-
plying fiber product preserving bundle functors F' on FM,,(=the category of fibered
manifolds with m-dimensional bases and fibered maps with local diffeomorphisms as
base maps) to VB,,-objects and VB,,-morphisms. Fiber product preserving bundle
functors F' on FM,, are recently described in [2] by means of modified vertical Weil
functors, see also [5].

REMARK 5.3. There are many examples of J"(—, R)-module bundle functors on M f,.
For example, given an M f,,-object M and o € R, the vector bundle J"(M,R) is
a J"(M,R)-module bundle with respect to the multiplication *® : J"(M,R) Xz
J"(M,R) — J"(M,R) given by

3oy * Jup = 3z (vp) £ ap(x)jzy — avy(z)p(x) ;1.

Given an M f,,-object M, the vector bundle J"(M,R) is a J" (M, R)-module bundle
with respect to the multiplication @ : J"(M,R) x s J"(M,R) — J"(M,R) given by
JxY © Jup = Y(2)jgp-

For any M f,,-object M, the vector bundle J2(M,R) is a J?(M,R)-module bundle
with respect to the multiplication *° : J2(M,R) x5 J>(M,R) — J?(M,R) given by

Joy+? jip = (B+1)52(vp) — (B+ Dp(x)iZy — By(x)jzp + (B + Dy(x)p(x)jal .

REMARK 5.4. Let F' be a regular fiber product preserving bundle functor on FM,,
of finite order r. The main result of [2] says that (modulo isomorphism) F = V4:°
for some Weil algebra bundle functor A on M f,, of order r and some M f,,-canonical
section ¢ of T4 : Mf,, — FM. By Remark 1 in [2], o can be treated as the
M fp-natural transformation ¢ : J"(—,R) — A of Weil algebra bundle functors by
(tr)e = o(x) € TAM = TA+MM = Hom(JL(M,R), A, M) for any M f,,-object
M and any = € M. So, the Weil algebra bundle functor A is also the J"(—,R)-
module bundle functor on M f,, with respect to the module bundle multiplication
© : J'(M,R) xpy AM — AM given by jzy ©v = (tm)a(izy) - v, jyy € J7(M,R),
v € Ay,M, x € M, where - is the multiplication of the Weil algebra A, M. We
will denote this J”(—,R)-module bundle functor by A?. One can see that (modulo
isomorphism) A% is the J"(—,R)-module bundle functor corresponding (in the sense
of Example 2.12) to the jet like functor F' on VB,, of order r obtained from F' by
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treating VB,,-morphisms as F M,,-ones in obvious way. Then (by Theorem 2.14) we
have the expression F'/E = J"E @ jr(pr) A M for any VBy,-object E — M.
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