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CONSTRUCTION OF THE TYPE 2 DEGENERATE POLY-EULER
POLYNOMIALS AND NUMBERS

Waseem A. Khan

Abstract. In this paper, we introduce type 2 degenerate poly-Euler polynomials and
numbers, briefly called degenerate poly-Euler polynomials and numbers, by using the modi-
fied degenerate polyexponential function and derive several properties on these polynomials
and numbers. In the last section, we also consider the type 2 degenerate unipoly-Euler
polynomials attached to an arithmetic function, by using the modified degenerate polyexpo-
nential function and investigate some identities of these polynomials. In particular, we give
some new explicit expressions and identities of degenerate unipoly polynomials related to
special numbers and polynomials.

1. Introduction

Carlitz [1, 2] initiated a study of degenerate versions of some special numbers and
polynomials, namely the degenerate Bernoulli and Euler polynomials. In recent years,
the idea of studying degenerate versions of many special polynomials and numbers
regained interest of some mathematicians, and many interesting results were found
(see [3, 6, 8]). They have been explored by employing several different tools such as
combinatorial methods, generating functions, p-adic analysis, umbral calculus tech-
niques, differential equations, and probability theory.

The aim of this paper is to introduce the type 2 degenerate poly-Euler polynomials
by means of the modified degenerate polyexponential functions and to study their
properties including their explicit expressions and differences. Here we note that
these polynomials are slight modifications of the previously studied ones under the
same name.

The outline of this paper is as follows. First, we recall the Carlitz degenerate Euler
polynomials, the degenerate exponential functions, the modified degenerate polyexpo-
nential, and the degenerate Stirling numbers of the first and second kind. In Section 2,
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148 Construction of the type 2 degenerate poly-Euler polynomials and numbers

we introduce the type 2 degenerate poly-Euler polynomials by means of the modified
degenerate polyexponential functions. Note that they reduce to the Carlitz degenerate
Euler polynomials when k = 1. We express the generating function of the degenerate
poly-Euler polynomials as an iterated integral, from which we find an explicit expres-
sion for these polynomials when k = 2. We find explicit expressions for the degenerate
poly-Euler polynomials in terms of the Carlitz degenerate Euler polynomials and the
degenerate Stirling numbers of the first and second kind. Also, we find certain expres-
sions for certain differences of the degenerate poly-Euler polynomials and Changhee
polynomials. In Section 3, we introduce the degenerate unipoly-Euler polynomials
by means of the degenerate unipoly functions. We find explicit expressions for the
degenerate unipoly-Euler polynomials in terms of the Carlitz degenerate Euler poly-
nomials, degenerate Daehee polynomials and the degenerate Stirling numbers of the
first and second kind.

For λ ∈ R, the degenerate exponential function is defined by exλ(t) = (1 +

λt)
x
λ eλ(t) = e1λ(t) = (1 + λt)

1
λ (see [6,8]). Here we note that exλ(t) =

∑∞
n=0(x)n,λ

tn

n! ,
where (x)0,λ = 1, (x)n,λ = x(x− λ)(x− 2λ) · · · (x− (n− 1)λ) (n ≥ 1).

Carlitz considered the degenerate Euler polynomials which are given by (see [1,2]):

2

eλ(t) + 1
exλ(t) =

2

(1 + λt)
1
λ + 1

(1 + λt)
x
λ =

∞∑
n=0

En,λ(x)
tn

n!
. (1)

When x = 0, En,λ = En,λ(0) are called degenerate Euler numbers.

The modified degenerate polyexponential function is defined by (see [8]):

Eik,λ(x) =

∞∑
n=1

(1)n,λx
n

(n− 1)!nk
(k ∈ Z). (2)

Note that Ei1,λ(x) =
∞∑

n=1

(1)n,λx
n

n! = eλ(x) − 1. The degenerate poly-Genocchi poly-

nomials are defined by (see [8]):

2Eik,λ (logλ(1 + t))

eλ(t) + 1
enλ(t) =

∞∑
n=0

G
(k)
n,λ(n)

tn

n!
(k ∈ Z).

In the case when x = 0, G
(k)
n,λ = G

(k)
n,λ(0) are called the degenerate poly-Genocchi

numbers. Lee-Kim-Jang [10] introduced the type 2 degenerate poly-Euler polynomials
defined by

Eik(log(1 + 2t))

t(eλ(t) + 1)
exλ(t) =

∞∑
n=0

E
(k)
n,λ(x)

tn

n!
.

When x = 0, E
(k)
n,λ = E

(k)
n,λ(0) are called the type 2 degenerate poly-Euler numbers.

The Changhee polynomials Chn(x) are defined by (see [5]):

2

2 + t
(1 + t)x =

∞∑
n=0

Chn(x)
tn

n!
. (3)

In the case when x = 0, Chn = Chn(0) are called the Changhee numbers.
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The degenerate Daehee polynomials Dn,λ(x) are defined by (see [9]):

logλ(1 + t)

t
(1 + t)x =

∞∑
n=0

Dn,λ(x)
tn

n!
. (4)

When x = 0, Dn,λ = Dn,λ(0) are called the degenerate Daehee numbers.

The degenerate Bernoulli polynomials of the second kind are defined by (see [6]):

t

logλ(1 + t)
(1 + t)x =

∞∑
n=0

bn,λ(x)
tn

n!
. (5)

For x = 0, bn,λ = bn,λ(0) are called degenerate Bernoulli numbers of the second kind.
In [7], the degenerate Stirling numbers of the second kind are defined by

(x)n,λ =

n∑
l=0

S2,λ(n, l)(x)l (n ≥ 0). (6)

As an inversion formula of (6), the degenerate Stirling numbers of the first kind are
defined by

(x)n =

n∑
l=0

S1,λ(n, l)(x)l,λ (n ≥ 0). (7)

From (6) and (7), we note that

1

k!
(eλ(t)− 1)k =

∞∑
n=k

S2,λ(n, k)
tn

n!
(see [7, 8]) (8)

and
1

k!
(logλ(1 + t))k =

∞∑
n=k

S1,λ(n, k)
tn

n!
(see [6, 8, 9]),

where logλ(t) =
1
λ (t

λ−1) is the compositional inverse of eλ(t) satisfying logλ(eλ(t)) =
eλ(logλ(t)) = t.

2. Type 2 degenerate poly-Euler polynomials and numbers

In this section, we define the type 2 degenerate Euler numbers and polynomials by
using the modified degenerate polyexponential function which are called the type 2
degenerate poly-Euler numbers and polynomials as follows.

For k ∈ Z, we consider the type 2 degenerate Euler polynomials which are called
the type 2 degenerate poly-Euler polynomials and given by

2Eik,λ (logλ(1 + t))

t(eλ(t) + 1)
exλ(t) =

∞∑
n=0

E
(k)
n,λ(x)

tn

n!
. (9)

In the special case when x = 0, E
(k)
n,λ = E

(k)
n,λ(0) are called the type 2 degenerate
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poly-Euler numbers. Note that
∞∑

n=0

E
(1)
n,λ(x)

tn

n!
=

2exλ(t)

t(eλ(t) + 1)
Ei1,λ (logλ(1 + t)) =

2exλ(t)

eλ(t) + 1
=

∞∑
n=0

En,λ(x)
tn

n!
. (10)

From (9), for n ≥ 0, we have limλ→0 E
(k)
n,λ(x) = E

(k)
n (x).

Theorem 2.1. Let n ≥ 0. Then

E
(k)
n,λ(x) =

n∑
m=0

(
n

m

)
E

(k)
m,λ(x)n−m,λ.

Proof. From (9), we note that
∞∑

n=0

E
(k)
n,λ(x)

tn

n!
=

2Eik,λ (logλ(1 + t))

t(eλ(t) + 1)
exλ(t)

=

∞∑
m=0

E
(k)
m,λ

tm

m!

∞∑
n=0

(x)n,λ
n!

tn =

∞∑
n=0

(
n∑

m=0

(
n

m

)
E

(k)
m,λ(x)n−m,λ

)
tn

n!
.

Theorem 2.2. For k ∈ Z and n ≥ 0, we have

E
(k)
n,λ =

n∑
m=0

(
n

m

) ∞∑
m1,m2,··· ,mk−1=m

(
m

m1,m2, · · · ,mk

)
bm1,λ(λ− 1)

m1 + 1

bn2,λ(λ− 1)

m1 +m2 + 1
×

· · · ×
bmk−1,λ(λ− 1)

m1 + · · ·+mk−1 + 1
En−m,λ.

Proof. From (2), we see that

d

dx
Eik,λ (logλ(1 + x)) =

d

dx

∞∑
m=1

(1)m,λ

(m− 1)!mk
(logλ(1 + x))

m

=
(1 + x)λ−1

logλ(1 + x)

∞∑
m=1

(1)m,λ

(m− 1)!mk−1
(logλ(1 + x))

m−1
=

(1 + x)λ−1

logλ(1 + x)
Eik−1,λ (logλ(1 + x)) .

From here, for k ≥ 2, we have

Eik,λ (logλ(1 + x))=

∫ t

0

(1 + t)λ−1

logλ(1 + t)

∫ t

0

· · · (1 + t)λ−1

logλ(1 + t)

∫ t

0

(1 + t)λ−1

logλ(1 + t)︸ ︷︷ ︸
(k−2)−times

t dt dt · · · dt.

(11)

By using (5), (9) and (11), we obtain
∞∑

n=0

E
(k)
n,λ

xn

n!
=

1

x(eλ(x)+1)
Eik,λ (logλ(1+x)) , i.e.

∞∑
n=0

E
(k)
n,λ

tn

n!
=

2

x(eλ(x)+1)

∫ x

0

(1+t)λ−1

logλ(1+t)

∫ t

0

· · · (1+t)λ−1

logλ(1+t)

∫ t

0

(1+t)λ−1

logλ(1+t)︸ ︷︷ ︸
(k−2)−times

t dt dt · · · dt
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=
2x

x(eλ(x)+1)

∞∑
m1,m2,··· ,mk−1=m

(
m

m1,m2, · · · ,mk

)
bm1,λ(λ−1)

m1+1

bn2,λ(λ−1)

m1+m2+1

× · · · ×
bmk−1,λ(λ−1)

m1+ · · ·+mk−1+1

=

∞∑
n=0

 n∑
m=0

(
n

m

) ∞∑
m1,m2,··· ,mk−1=m

(
m

m1,m2, · · · ,mk

)
bm1,λ(λ−1)

m1+1

bn2,λ(λ−1)

m1+m2+1

× · · · ×
bmk−1,λ(λ−1)

m1+ · · ·+mk−1+1
En−m,λ

)
xn

n!
.

Therefore by comparing the coefficients of t on both sides of the previous equation,
we obtain the result. □

Theorem 2.3. Let k = 2. Then

E
(2)
n,λ =

n∑
m=0

(
n

m

)
bm,λ(λ− 1)

m+ 1
En−m,λ =

n∑
m=0

(
n

m

)
bn−m,λ(λ− 1)

n−m+ 1
Em,λ.

Proof. For k = 2, by Theorem 2.2, we get
∞∑

n=0

E
(2)
n,λ

xn

n!
=

2

x(eλ(x)+1)

∫ x

0

x

logλ(1+x)
(1+x)λ−1dx

=
2

x(eλ(x)+1)

∫ x

0

∞∑
m=0

bm,λ(λ−1)
xm

m!
dx=

2

eλ(x)+1

∞∑
m=0

bm,λ(λ−1)

m+1

xm

m!

=

( ∞∑
n=0

En,λ
xn

n!

)( ∞∑
m=0

bm,λ(λ−1)

m+1

xm

m!

)
=

∞∑
n=0

(
n∑

m=0

(
n

m

)
bm,λ(λ−1)

m+1
En−m,λ

)
xn

n!
.

Theorem 2.4. For n ≥ 0, we have

E
(k)
n,λ(x) =

n∑
l=0

(
n

l

) l∑
m=0

(1)m+1,λ

(m+ 1)k−1

S1,λ(l + 1,m+ 1)

l + 1
En−l,λ(x).

Proof. From (9), we note that
∞∑

n=0

E
(k)
n,λ(x)

tn

n!
=

2Eik,λ (logλ(1 + t))

t(eλ(t) + 1)
exλ(t) =

2

eλ(t) + 1
exλ(t)

1

t
Eik,λ (logλ(1 + t))

=

( ∞∑
n=0

En,λ(x)
tn

n!

)
1

t

( ∞∑
m=1

(1)m,λ

(m− 1)!mk
(logλ(1 + t))m

)

=

( ∞∑
n=0

En,λ(x)
tn

n!

)
1

t

( ∞∑
m=0

(1)m+1,λ

(m+ 1)k−1

1

(m+ 1)!
(logλ(1 + t))m+1

)

=

( ∞∑
n=0

En,λ(x)
tn

n!

)
1

t

( ∞∑
m=0

(1)m+1,λ

(m+ 1)k−1

∞∑
l=m+1

S1,λ(l,m+ 1)
tl

l!

)
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=

( ∞∑
n=0

En,λ(x)
tn

n!

)( ∞∑
l=0

l∑
m=0

(1)m+1,λ

(m+ 1)k−1

S1,λ(l + 1,m+ 1)

l + 1

tl

l!

)

=

∞∑
n=0

(
n∑

l=0

(
n

l

) l∑
m=0

(1)m+1,λ

(m+ 1)k−1

S1,λ(l + 1,m+ 1)

l + 1
En−l,λ(x)

)
tn

n!
.

By, comparing the coefficients of t on both sides of the previous equation, we obtain
the result. □

Theorem 2.5. For k ∈ Z and n ≥ 0, we have

E
(k)
n,λ(x) =

n∑
l=0

(
n

l

) l∑
m=0

(x)mS2,λ(l,m)E
(k)
n−l,λ.

Proof. From (8) and (9), we have
∞∑

n=0

E
(k)
n,λ(x)

tn

n!
=

2Eik,λ (logλ(1 + t))

t(eλ(t) + 1)
exλ(t) =

(
2Eik,λ (logλ(1 + t))

t(eλ(t) + 1)

)
(eλ(t)− 1 + 1)x

=

(
2Eik,λ (logλ(1 + t))

t(eλ(t) + 1)

)( ∞∑
m=0

(
x

m

)
(eλ(t)− 1)m

)

=

(
2Eik,λ (logλ(1 + t))

t(eλ(t) + 1)

)( ∞∑
m=0

(x)m

∞∑
m=l

S2,λ(l,m)
tl

l!

)

=

( ∞∑
n=0

E
(k)
n,λ

tn

n!

)( ∞∑
l=0

l∑
m=0

(x)mS2,λ(l,m)
tl

l!

)

=

∞∑
n=0

(
n∑

l=0

(
n

l

) l∑
m=0

(x)mS2,λ(l,m)E
(k)
n−l,λ

)
tn

n!
.

By comparing the coefficients of tn on both sides, we obtain the result. □

Theorem 2.6. Let k ∈ Z and n ≥ 1. Then
n−1∑
m=0

(
n− 1

m

)
E

(k)
n−m−1,λ(1)m,λ + E

(k)
n−1,λ =

2

n

n∑
m=1

(1)m,λ

mk−1
S1,λ(n,m).

Proof. From (9), we observe that

2Eik,λ (logλ(1 + t)) =t(eλ(t) + 1)

∞∑
n=0

E
(k)
n,λ

tn

n!
= t

( ∞∑
m=0

(1)m,λt
m

m!
+ 1

) ∞∑
n=0

E
(k)
n,λ

tn

n!

=t

∞∑
n=0

(
n∑

m=0

(
n

m

)
E

(k)
n−m,λ(1)m,λ + E

(k)
n,λ

)
tn

n!

=

∞∑
n=0

(
n∑

m=0

(
n

m

)
E

(k)
n−m,λ(1)m,λ + E

(k)
m,λ

)
tn+1

n!
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=

∞∑
n=1

(
n−1∑
m=0

(
n− 1

m

)
E

(k)
n−m−1,λ(1)m,λ + E

(k)
n−1,λ

)
tn

(n− 1)!

=

∞∑
n=1

n

(
n−1∑
m=0

(
n− 1

m

)
E

(k)
n−m−1,λ(1)m,λ + E

(k)
n−1,λ

)
tn

n!
. (12)

On the other hand,

2Eik,λ (logλ(1 + t)) =2

∞∑
m=1

(1)m,λ

mk−1

1

m!
(logλ(1 + t))m

=2

∞∑
n=1

(
n∑

m=1

(1)m,λ

mk−1
S1,λ(n,m)

)
tn

n!
. (13)

Therefore, by equations (12) and (13), we get the result. □

Theorem 2.7. Let n ≥ 0. Then

Chn(x) =

n∑
m=0

Em,λ(x)S1,λ(n,m).

Proof. Replacing t by logλ(1 + t) in (1) and using (3), we get

2

2 + t
(1 + t)x =

∞∑
m=0

Em,λ(x)
(logλ(1 + t))m

m!
=

∞∑
m=0

Em,λ(x)

∞∑
n=m

S1,λ(n,m)
tn

n!

=

∞∑
n=0

n∑
m=0

Em,λ(x)S1,λ(n,m)
tn

n!
. (14)

On the other hand,

2

2 + t
(1 + t)x =

∞∑
n=0

Chn(x)
tn

n!
. (15)

Therefore, by (14) and (15), we obtain the result. □

3. Type 2 degenerate unipoly-Euler numbers and polynomials

Let p be any arithmetic function which is a real or complex valued function defined
on the set of positive integers N. Kim-Kim [4] defined a unipoly function attached

to polynomials p(x) by uk(x|p) =
∑∞

n=1
p(n)
nk xn, (k ∈ Z). Moreover, uk(x|1) =∑∞

n=1
xn

nk = Lik(x) is the ordinary polylogarithm function.

The degenerate unipoly function attached to polynomials p(x) is given as follows

uk,λ(x|p) =
∑∞

i=1 p(i)
(1)i,λ
ik

xi (see [3]). It is worthy to note that uk,λ (x|1/Γ) =
Eik,λ(x) is the modified degenerate polyexponential function.

Now, we define the type 2 degenerate unipoly-Euler polynomials attached to poly-
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nomials p(x) by

2uk,λ (logλ(1 + t)|p)
t(eλ(t) + 1)

exλ(t) =

∞∑
n=0

E
(k)
n,λ,p(x)

tn

n!
. (16)

In the case when x = 0, E
(k)
n,λ,p = E

(k)
n,λ,p(0) are called the type 2 degenerate unipoly-

Euler numbers attached to p.
From (16), we see

∞∑
n=0

E
(k)
n,λ,1/Γ

tn

n!
=

2

t(eλ(t) + 1)
uk,λ (logλ(1 + t)|1/Γ) = 2

t(eλ(t) + 1)

∞∑
r=1

(1)r,λ(logλ(1 + t))r

rk(r − 1)!

=
2

t(eλ(t) + 1)
Eik,λ (logλ(1 + t)) =

∞∑
n=0

E
(k)
n,λ

tn

n!
. (17)

Thus, by (17), we have E
(k)
n,λ,1/Γ = E

(k)
n,λ

Theorem 3.1. Let n ≥ 0 and k ∈ Z. Then

E
(k)
n,λ,p =

n∑
l=0

l+1∑
m=1

(
n

l

)
m!p(m)(1)m,λ

mk

S1,λ(l + 1,m)

l + 1
En−l,λ.

Proof. From (16), we have
∞∑

n=0

E
(k)
n,λ,p

tn

n!
=

2

t(eλ(t) + 1)
uk,λ (logλ(1 + t)|p)

=
2

t(eλ(t) + 1)

∞∑
m=1

p(m)(1)m,λ

mk
(logλ(1 + t))m

=
2

t(eλ(t) + 1)

∞∑
m=1

m!p(m)(1)m,λ

mk

1

m!
(logλ(1 + t))m

=
2

t(eλ(t) + 1)

∞∑
m=1

m!p(m)(1)m,λ

mk

∞∑
l=m

S1,λ(l,m)
tl

l!

=

(
2

t(eλ(t) + 1)

) ∞∑
l=1

(
l∑

m=1

m!p(m)(1)m,λ

mk

)
S1,λ(l,m)

tl

l!

=

( ∞∑
n=0

En,λ
tn

n!

)( ∞∑
l=0

(
l+1∑
m=1

m!p(m)(1)m,λ

mk

S1,λ(l + 1,m)

l + 1

))
tl

l!

=

∞∑
n=0

(
n∑

l=0

l+1∑
m=1

(
n

l

)
m!p(m)(1)m,λ

mk

S1,λ(l + 1,m)

l + 1
En−l,λ

)
tn

n!
.

Theorem 3.2. Let n be a nonnegative integer and k ∈ Z. Then

E
(k)
n,λ,p(x) =

n∑
q=0

q∑
i=0

(
n

q

)
(x)iS2,λ(q, i)E

(k)
n−q,λ,p.
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Proof. Using (16), we see that
∞∑

n=0

E
(k)
n,λ,p(x)

tn

n!
=

2uk,λ (logλ(1 + t)|p)
t(eλ(t) + 1)

(eλ(t)− 1 + 1)
x

=
2uk,λ (logλ(1 + t)|p)

t(eλ(t) + 1)

∞∑
i=0

(x)i
(eλ(t)− 1)i

i!

=

∞∑
n=0

E
(k)
n,λ,p

tn

n!

∞∑
i=0

(x)i

∞∑
q=i

S2,λ(q, i)
tq

q!

=

∞∑
n=0

E
(k)
n,λ,p

tj

j!

∞∑
q=0

q∑
i=0

(x)iS2,λ(q, i)
tq

q!

=

∞∑
n=0

(
n∑

q=0

q∑
i=0

(
n

q

)
(x)iS2,λ(q, i)E

(k)
n−q,λ,p

)
tn

n!
.

Theorem 3.3. Let n ≥ 0 and k ∈ Z. Then

E
(k)
n,λ,p =

n∑
s=0

(
n

s

) s∑
l=0

(
s

l

) l∑
m=0

m!p(m+ 1)(1)m+1,λ

(m+ 1)k
S1,λ(l,m)Ds−l,λEn−s,λ.

Proof. By using (1), (4) and (16), we note that
∞∑

n=0

E
(k)
n,λ,p

tn

n!
=

2

t(eλ(t) + 1)
uk,λ (logλ(1 + t)|p)

=
2

t(eλ(t) + 1)

∞∑
m=1

p(m)(1)m,λ

mk
(logλ(1 + t))m

=
2

t(eλ(t) + 1)

∞∑
m=0

p(m+ 1)(1)m+1,λ

(m+ 1)k
(logλ(1 + t))m+1

=
2

eλ(t) + 1

logλ(1 + t)

t

∞∑
m=0

m!p(m+ 1)(1)m+1,λ

(m+ 1)k
1

m!
(logλ(1 + t))m

=

∞∑
n=0

En,λ
tn

n!

∞∑
s=0

Ds,λ
ts

s!

∞∑
l=0

l∑
m=0

m!p(m+ 1)(1)m+1,λ

(m+ 1)k
S1,λ(l,m)

tl

l!

=

∞∑
n=0

En,λ
tn

n!

∞∑
s=0

s∑
l=0

(
s

l

) l∑
m=0

m!p(m+ 1)(1)m+1,λ

(m+ 1)k
S1,λ(l,m)Ds−l,λ

ts

s!
,

i.e., R.H.S. becomes
∞∑

n=0

(
n∑

s=0

(
n

s

) s∑
l=0

(
s

l

) l∑
m=0

m!p(m+ 1)(1)m+1,λ

(m+ 1)k
S1,λ(l,m)Ds−l,λEn−s,λ

)
tn

n!
.

Comparing the coefficients of t on both sides, we acquire at the desired result. □
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