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Abstract. We introduce golden STCR-lightlike submanifolds of golden semi-Riemannian
manifolds. We find new conditions for the induced connection to be a metric connection.
Moreover, we find some necessary and sufficient conditions for such submanifolds.

1. Introduction

One can consider lightlike submanifolds of semi-Riemannian manifolds, whose study
is important from the viewpoint of applications and challenging in the sense that the
intersection of the normal vector bundle and the tangent bundle of these submanifolds
is nonempty. This unique feature makes the study of lightlike submanifolds different
from that of non-degenerate submanifolds. The theory of lightlike submanifolds is an
important research topic in differential geometry due to its applications in mathemat-
ical physics, especially in general relativity. The study of this notion was initiated by
Duggal and Bejancu [6] and has since been investigated by many authors (see recent
results in the two books [8,12]).

Duggal and Bejancu initiated the study of CR-lightlike submanifolds of indefinite
Kéhler manifolds [6]. However, this class of submanifolds excludes complex and to-
tally real submanifolds as special cases. To overcome this limitation, Duggal and Sahin
introduced screen Cauchy-Riemann (SCR)-lightlike submanifolds of indefinite Kéhler
manifolds [9], which include complex and totally real submanifolds. Nevertheless,
there is no inclusion relation between CR- and SCR-lightlike submanifolds. Conse-
quently, Duggal and Sahin introduced a new class called GCR-lightlike submanifolds
of indefinite Kéhler manifolds, which acts as an umbrella for real hypersurfaces, in-
variant, screen real, and CR-lightlike submanifolds [10]. These types of submanifolds
have been studied in various manifolds by many authors [11,16,17,19, 20, 22].
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However, CR-lightlike, screen CR-lightlike, and generalized CR-lightlike subman-
ifolds do not contain real lightlike curves. For this reason, Sahin introduced screen
transversal lightlike submanifolds of indefinite K&hler manifolds and showed that such
submanifolds contain real lightlike curves [26]. These submanifolds have been studied
in [15,28,29]. As a generalization of CR-lightlike submanifolds and screen transversal
lightlike submanifolds, Dogan, Sahin, and Yasar introduced screen transversal CR-
lightlike submanifolds and studied the geometry of these lightlike submanifolds [5].

The number ¢ :HT‘/‘?) ~1.618. .., which is a solution of the equation z?>—z—1=0,
is known as the golden ratio. The golden ratio is a fascinating topic that has con-
tinually generated new ideas. It has been used in many different areas, including
architecture, music, art, and philosophy. Inspired by the golden ratio, Cragsmareanu
and Hretcanu defined golden Riemannian manifolds and studied their submanifolds
in [3,4]. In [27], Sahin and Akyol introduced golden maps between golden Rieman-
nian manifolds and showed that such maps are harmonic. Gok, Keles, and Kili¢ stud-
ied several characterizations of submanifolds of golden Riemannian manifolds [14].
Poyraz and Yasar introduced lightlike submanifolds of golden semi-Riemannian man-
ifolds [24]. Erdogan studied the geometry of screen transversal lightlike submani-
folds, radical screen transversal lightlike submanifolds, and screen transversal anti-
invariant lightlike submanifolds of golden semi-Riemannian manifolds [13]. Acet
studied screen pseudo-slant lightlike submanifolds of golden semi-Riemannian man-
ifolds [1]. Poyraz introduced golden GCR-lightlike submanifolds of golden semi-
Riemannian manifolds [23].

In this paper, we introduce golden STCR-lightlike submanifolds of golden semi-
Riemannian manifolds. We derive new conditions under which the induced connection
is a metric connection. Moreover, we establish several necessary and sufficient condi-
tions for the existence and characterization of such submanifolds.

2. Preliminaries

Let M be a C*®—differentiable manifold. If a tensor field P of type (1,1) satisfies the
following equation

P?P=P+] (1)
then P is named a golden structure on M, where I is the identity transformation [18].

_ Let (M ,§) be a semi-Riemannian manifold and P be a golden structure on M. If
P holds the following equation

§(PXY) = §(X, PY) (2)
then (M, g, P) is named a golden semi-Riemannian manifold [25].
If P be a golden Structure, then the equation (2) is equivalent with
§(PX, PY) = §(PX,Y) +§(X,Y) (3)
for any X,Y € (T M).
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Let (M, §) be a real (m + n)—dimensional semi-Riemannian manifold of constant
index ¢, such that m;n > 1,1 < ¢ <m+n—1 and (M, g) be an m—dimensional
submanifold of M, where ¢ is the induced metric of § on M. If § is degenerate on
the tangent bundle TM of M then M is called a lightlike submanifold of M. For a
degenerate metric g on M

TM* = u{u € TLM : §(u,v) = 0,%v € Ty M,z € M}

is a degenerate n—dimensional subspace of T, M. Thus, both T, M and T, M=+ are
degenerate orthogonal subspaces but no longer complementary. In this case, there
exists a subspace Rad(T, M) = T, M N'T,, M~ which is known as radical (null) space.
If the mapping Rad(TM) : x € M — Rad(T,M), defines a smooth distribution,
called radical distribution on M of rank > 0 then the submanifold M of M is called
an r—lightlike submanifold.

Let S(T'M) be a screen distribution which is a semi-Riemannian complementary
distribution of Rad(T'M) in TM. This means that

TM = S(T'M)_LRad(TM) 4)
and S (TM J-) is a complementary vector subbundle to Rad(T'M) in TM*. Let
tr (TM) and ltr (M) be complementary (but not orthogonal) vector bundles to TM
in TM,,, and Rad(TM) in S (TM~L)", respectively. Then we have

tr (TM) =1ltr (TM) LS (TM™), (5)
TM |p=TM @ tr (TM) = {Rad(TM) ® ltr (TM)} LS (TM) LS(TM™*).  (6)

THEOREM 2.1 ([6]). Let (M, g,S(TM),S (TM™)) be an r—lightlike submanifold of a

semi-Riemannian manifold (M, g). Suppose U is a coordinate neighborhood of M and
{&}, i€ {1,...,r} is a basis of T'(Rad (TM‘U)). Then, there exist a complementary

vector subbundle Itr (TM) of Rad(TM) in S (TML)‘LU and a basis {N;},i € {1,...,r}
of T'(Itr (TM)‘U) such that g (N;,&;) = i, g (Ni, N;j) =0 for any i,j € {1,...,r}.

We say that a submanifold (M, g, S(TM),S (TM*)) of M is
Case 1. r—lightlike if r < min {m,n};
Case 2. coisotropic if r =n <m, S (TM*) ={0};
Case 3. isotropic if r=m <n, S(TM) = {0};
Case 4. totally lightlike if r =m =n, S(TM) = {0} = S (TM*).

Let V be the Levi-Civita connection on M. Then, using (6), the Gauss and
Weingarten formulas are given by

VxY =VxY +h(X,Y), (7)

VxU = —AyX + VU, (8)
forany X, Y € T(TM) and U € ['(tr (T'M)), where {VxY, Ay X} and {h(X,Y), VL U}
belong to I'(T'M) and I'(tr (T M)), respectively. V and V' are linear connections on
M and on the vector bundle tr (T'M), respectively. According to (5), considering the
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projection morphisms L and S of tr (T'M) on ltr (T'M) and S (TMJ-)7 respectively, (7)
and (8) become

VxY = VxY +h(X,Y) + h*(X,Y),

VxN = —AnX + Vi N + D*(X, N), (9)

VxW = —Aw X + VW + D'(X, W),
for any X,Y € I'(TM), N € T'(ltr (TM)) and W € I'(S (TM™)), where h'(X,Y) =
Lh(X,Y), h*(X,Y) = Sh(X,Y), VxY,AyX, Ay X € I(TM), VL N,D\(X, W) €
L(tr (I'M)) and VW, D*(X,N) € I'(S(TM=*)). Then, by using (9) and taking
into account that V is a metric connection we obtain

J(D*(X,N),W) = g(Aw X, N).
Let @ be a projection of TM on S(T'M). Then, using (4) we can write

VxQY = VxQY + h*(X,QY), (11)
Vx€=—A{X + V¥, (12)

for any X,V € I'(T'M) and § € I'(Rad(T'M)), where {V}QY, Af X} and {h*(X,QY),
V&) belong to T'(S (T'M)) and T'(Rad (T'M)), respectively.
Using the equations given above, we derive

g(R'(X,QY),€) = §(A; X, QY), (13)
g(h*(X,QY),N) = g(AnX,QY), §(h'(X,8),6) =0, Az&=0.

In general, the induced connection V on M is not a metric connection. Since V is a
metric connection, from (9) we obtain (Vxg)(Y, Z) = g(h'(X,Y), 2)+§(h (X, Z),Y).
However, V* is a metric connection on S(T'M).

DEFINITION 2.2. A lightlike submanifold (M, g) of a semi-Riemannian manifold (M, §)
is said to be an irrotational submanifold if Vx¢ € T'(T'M) for any X € I'(T'M) and
& € I'(Rad(T'M)) [21]. Thus M is an irrotational lightlike submanifold if and only if
h(X,€) =0, h*(X,€) = 0.

THEOREM 2.3 ([6]). Let M be an r-lightlike submanifold of a semi-Riemannian mani-

fold M. Then the induced connection ¥V is a metric connection, if and only if Rad(T M)
s a parallel distribution with respect to V.

DEFINITION 2.4 ([7]). A lightlike submanifold (1, g) of a semi-Riemannian manifold
(M, g) is said to be totally umbilical in M if there is a smooth transversal vector field
H e T(tr(TM)) on M, called the transversal curvature vector field of M, such that

W(X,Y) = Hj(X,Y) (14)
for any X, Y € I'(TM). In case H =0, M is called totally geodesic.

Using (9) and (14) it is easy to see that M is totally umbilical if and only if on
each coordinate neighborhood U there exists smooth vector fields H! € T'(ltr (TM))
and H® € T'(S (TM*1)) such that h'(X,Y) = §(X,Y)H', h*(X,Y) = §(X,Y)H* and
DYX,W) =0, for any X,Y € I(TM) and W € I'(S (TM™)).
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3. Golden screen transversal Cauchy-Riemann (STCR)-lightlike
submanifolds

DEFINITION 3.1. Let M be a real r-lightlike submanifold of a golden semi-Riemannian
manifold M. Then we say that M is a screen transversal Cauchy-Riemann (STCR)-
lightlike submanifold if the following conditions are satisfied:

(A) There exist two subbundles D; and Ds of Rad(T'M) such that

Rad(TM) = D, ® Dy, P(D;)C S(TM), P(Dy)C S(TM™).
(B) There exist two subbundles Dy and D’ of S (T'M) such that

S(TM) ={P(Dy)& D'} L Dy, P(Dy)=Dy, P(Li1S)=D,
where Dy is a non-degenerate distribution on M, L, and S are vector subbundles of
ltr (TM) and S (T M), respectively.

With respect to the above definition, the tangent bundle T'M of M is decomposed
as TM = D@ D, where D = Dy @ Dy @ P(D,) and D = Dy ® P(L,) @ P(S).

It is clear that D is invariant. But D is neither invariant nor anti-invariant.
Furthermore, we have ltr(TM) = Ly © Lo, P(Ly) € S(TM), P(Ly) € S(TM*) and
S(TM*) = {P(Dy) ® P(Ls)} LS.

If D, # {0}, Dy # {0}, Dy # {0} and S # {0}, then M is called a proper
golden screen transversal Cauchy-Riemann (STCR)-lightlike submanifold of a golden
semi-Riemannian manifold (M, §, P).

PROPOSITION 3.2. Let M be a golden STCR-lightlike submanifold of a golden semi-
Riemannian manifold (M, g, P). Then M is a semi-invariant lightlike submanifold
(respectively, screen transversal lightlike submanifold) if and only if Do = {0} (respec-

tively, D1 = {0}).

Proof. Let M be a semi-invariant lightlike submanifold of a golden semi-Riemannian
manifold M. Then P(Rad(T'M)) is a distribution on M. Thus, we obtain D; =
Rad(TM) and Dy = {0}. Then it follows that P(ltr(TM)) C S(TM). Conversely,
suppose that M is golden STCR-lightlike submanifold such that Do = {0}. Then,
we have Dy = Rad(T'M). Thus, M is a semi-invariant lightlike submanifold, which
completes the proof. Similarly other assertion follows. U

PROPOSITION 3.3. There exist no coisotropic, isotropic or totally lightlike proper
golden STCR-lightlike submanifold M of a golden semi-Riemannian manifold (M, g, 15)
Any isotropic golden STCR-lightlike submanifold is a screen transversal lightlike sub-
manifold. Also, a coisotropic golden STCR-lightlike submanifold is a semi-invariant

lightlike submanifold.

Proof. Suppose that M is a proper golden STCR-lightlike submanifold. From defini-
tion of proper golden STCR-lightlike submanifold, we know that Dy # {0}, Dy # {0},
Dy # {0} and S # {0}, that is both S(TM) and S(T M=) are non-zero. Hence, M
can not be a coisotropic, isotropic or totally lightlike golden STCR-lightlike subman-
ifold. On the other hand, if M is an isotropic golden STCR-lightlike submanifold,
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then S(TM) = {0}, i.e., P(D;) = {0} and Rad(TM) = D,. Hence, we obtain
P(Rad(TM)) = P(Dy) C T(S(TM*Y)) and M is a screen transversal lightlike sub-
manifold. Similarly, if M is a coisotropic golden STCR-lightlike submanifold, then
S(TM™*) = {0}, ie., P(Dy) = {0} and Rad(TM) = D;. Since, P(Rad(TM)) =

O

P(D;) CT(S(TM)) then M is a semi-invariant lightlike submanifold.

Let M be a golden STCR-lightlike submanifold of a golden semi-Riemannian man-
ifold (M, g, P). Thus, for any X € T'(TM) we derive

PX = PX +wX, (15)

where PX and wX are tangential and transversal parts of PX.
For V € T'(tr(TM)) we write

PV = BV +CV, (16)
where BV and CV are tangential and transversal parts of PV.

LEMMA 3.4. Let M be a golden STCR-lightlike submanifold of a golden semi-Riemannian
manifold (M, g, P). Then, one has

P’X = PX 4+ X — BuX, wPX =wX —CuwX, (17)

PBV =BV — BCV, C?*V =CV +V —wBY, (18)

G(PX,Y) - §(X,PY) = §(X,wY) — g(wX,Y), (19)
G(PX,PY) = g(PX,Y)+§(X,Y) + §(wX,Y) — g(PX,wY)

— g(wX, PY) — g(wX,wY) (20)

for any X, Y € T(TM).

Proof. If we apply P to (15), using (1) and taking tangential and transversal parts
of the resulting equation, we obtain (17). Similarly, applying P in (16) and using (1)
we get (18). From (2), (3) and (15), we derive (19) and (20). O

THEOREM 3.5. Let M be a golden STCR-lightlike submanifold of a golden semi-
Riemannian manifold (M, g, P). Then, P is golden structure on D.

Proof. By the definition of a golden STCR-lightlike submanifold, we have wX = 0
for any X € I'(D). From (17), it follows that P?X = PX + X. Thus, P is a golden
structure on D. g

EXAMPLE 3.6. Let (M = R} §) be a 12-dimensional semi-Euclidean space with
Signature (_7 ) +a +7 R +a +7 +7 +7 +7 +> and (.1'17 T2, X3, T4, T5,T6, LT, $8;~$95 T10,
711, 212) be the standard coordinate system of R}%. If we define a mapping P by
P(x1, 29,23, 04, T5,T6, T7, Ts, T9, T10, T11, T12)
=(z1 + 22,21, T3 + T4, T3, T5 + Tg, Ts, T7 + T, T7, To + T10, Tg, T11 + T12, T11)
then P2 = P+ I and P is a golden structure on R}2. Let M be a submanifold of M
given by

1
T = U3 — SUs, Tz = Ul 23 =0, 24 = ug, $5:U3+§U4> xe = u1, 7 =0,
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Tg = U2, T9 = Us + Us — U7, T10 = Ue, T11 = Us + Ue + U7, T12 = U,
where u;, 1 < i < 7, are real parameters. Thus TM = Span{U;, Us, Us, U4, Us, Ug, Uz },
where

0 0 0 0 0 0
Ul—aim‘ﬁ‘aixﬁ, Uz—aiu‘f‘aixsa U3_37:171+37x5’

1 0 0 0 0
U4_§(_8T:1+87x5)’ UB_@TUQ—F%’

0 0 0 0 0 0
U6 o 67.’179 aa)‘lo 81’11 81712, U7 B 787.’1?9 + 81‘11'

Then M is a 2—lightlike submanifold of Rj* with Rad(TM) = Span{U,Us}. It is
easy to see PUy = Uz, thus Dy = Span{U;} and Dy = Sp{Us}. On the other hand,
since PUs = Ug € T'(S(T'M)), we derive Dy = Sp{Us,Us}. We can easily obtain

1 0 0 1 9] 0
Itr(TM) = Span{N; = 5(_87@ + 87176)’ 2 = 5(_67x4 + 87558)} and
0 0] 1 0 0 0 0
1y _ . — T (__ __ - —
S(TM ) - Span{Wl o 61‘3 + 8.1377W2 2( 61}3 * 6.137)7W3 63710 81}12 '

Since PUy,=W,, PN1=Uy, PNy=W,, PW3=Uy, then Li=Sp{N}, Lo=Sp{N,} and
S=Sp{W3}. Hence, M is a proper golden STCR lightlike submanifold of R}2.

THEOREM 3.7. Let M be a golden STCR-lightlike submanifold of a golden semi-
Riemannian manifold (M, g, P). Then the induced connection is a metric connection
if and only if for any X € T(TM), the following hold

P(V%PY +h*(X,PY)) — Vi PY — h*(X, PY) € T'(Rad(TM))
Bh(X,PY) =0, Y eI'(D),
~PApy X + Apy X + BV PY € T'(Rad(TM)), BD'(X,PY) =0, Y € T(Dy).
Proof. Since P is the golden structure of M, we haveVxY = PVxPY — VxPY for

any X € I'(TM) and Y € T'(Rad(T'M)). Since Rad(T'M) = D; & D,, using (7),
(11), (15), (16) and taking the tangential part of the resulting equation, we obtain

VxY = P(ViPY + h*(X,PY)) — Vi PY — h*(X,PY) + Bh(X,PY)  (21)
forany X € T'(TM) and Y € I'(Dy). Thus from (21) we obtain VxY € I'(Rad(TM))
if and only if

P(V%PY+h*(X,PY))-V%PY—h*(X, PY)eD'(Rad(TM)), Bh(X,PY)=0 (22)
for any X € I'(TM) and Y € I'(D1). Using (7), (12), (15) and (16) we derive
VxY = —PAp, X + Apy X + BV PY + BD'(X, PY) (23)
for any X € T'(TM) and Y € I'(D5). From (23) we get VxY € I'(Rad(T'M)) if and
only if for any X € I'(T'M) and Y € I'(D5)
— PApy X + Apy X + BV PY € I'(Rad(TM)),
BDYX,PY)=0 and BDYX,PY)=0.
Then considering Theorem 2.3, the proof follows from (22) and (24). U

(24)
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THEOREM 3.8. Let M be a golden STCR-lightlike submanifold of a golden semi-
Riemannian manifold (M,g,ﬁ), Then, the distribution D is integrable if and only
if (X, PY) — h*(Y, PX) € T(P(Lg)) and h'(X, PY) — h'(Y, PX) € T(Ly) for any
X, Y eT(D).

Proof. From definition of golden STCR-lightlike submanifolds, D is integrable if and
Only lfg([XaY] 3N2) = g([X7Y] 7P§1) = g([X7Y] 7PW) = 0 for any X7Y € F(D)a
& €N(Dy), Ny € T(Lg) and W € IT'(S). Hence from (2), (3) and (9) we derive

g([X7Y] 7N2) = g(h (X’ PY) - hS(Y7PX)aPN2)a
g([XaYLpfl):g(hl(XvPY)7hl(Y7pX)a€1)7 (25)
J([X,Y],PW) = §(h*(X,PY) — *(Y, PX), W).
Equation (25) implies the theorem. 0

THEOREM 3.9. Let M be a golden STCR-lightlike submanifold of a golden semi-
Riemannian manifold (M, g, P). Then, the distribution D is integrable if and only if
h(X,PY)=h(PX,Y).

Proof. Equations (7), (15), and (16) yield wVxY = h(X, ]5Y) — Ch(X,Y) for any
X,Y € T'(D). Consequently, w[X,Y] = h(X,PY) — h(Y,PX), establishing the
assertion. U

THEOREM 3.10. Let M be a golden STCR-lightlike submanifold of a golden semi-
Riemannian manifold (M, g, P). Then, the distribution D defines a totally geodesic
foliation in M if and only if Bh(X,Y) =0 for any X,Y € T'(D).

Proof. Since D is invariant, if X € T'(D), then PX € I'(D). From the definition of
golden STCR-lightlike submanifolds, D defines a totally geodesic foliation in M if
and only if ¢(VxY, P&) = g(VxPY,Ny) = g(VxY,PW) =0 for any X,Y € I'(D),
& €T(Dy), Ny € T(Lg) and W € T'(S). Using (2) and (9) we derive
9(VxY, P&) = §(VxY, P&) = G(h'(X, PY), &),
9(VxPY,Ny) = §(Vx PY, Ny) = §(VxY, PNz) = §(h*(X,Y), PNy), (26)
g(VxY,PW) = §(VxY,W) = §(VxY, PW) = §(h*(X, PY), W).
It follows from (26) that D defines a totally geodesic foliation in M if and only if

R'(X, PY) has no components in L; and h*(X,Y) has no components in Ly for any
X, Y eT'(D), i.e., from (16), Bh(X,Y) =0 for any X,Y € I'(D). O

DEFINITION 3.11. A golden STCR-lightlike submanifold of a golden semi-Riemannian
manifold is called D—geodesic golden STCR-lightlike submanifold if its second fun-
damental form h satisfies h(X,Y) =0 for any X,Y € I'(D).

THEOREM 3.12. Let M be a golden STCR-lightlike submanifold of a golden semi-
Riemannian manifold (M, g, P). Then the distribution D defines a totally geodesic
foliation in M if and only if M is D-geodesic and D is parallel respect to V on M.
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Proof. Assume that D defines a totally geodesic foliation in M, then ? xY e I'(D)
for any X,Y € I'(D). Hence from (9), we deriveg(h!(X,Y),£) = §g(VxY,§) = 0,
g(h3(X,Y), W) =g(VxY,W) =0 for any X,Y € T'(D), £ € T(Rad(TM)) and W €
L(S(TM%)). Hence h'(X,Y) = h*(X,Y) = 0, which implies that M is D—geodesic
and D is parallel respect to V on M.

Conversely, we suppose that M is D—geodesic and D is parallel respect to V on
M. Since B'(X,Y) = h*(X,Y) = 0 for any X,Y € I'(D), then VxY € I'(TM). On
the other hand, since D is parallel on M, considering (9), we have VxY € I'(D). U
THEOREM 3.13. Let M be a golden STCR-lightlike submanifold of a golden semi-
Riemannian manifold (M, g, P). Then the distribution D defines a totally geodesic
foliation in M if and only if for any X,Y € I'(D), £ € I'(RadT M), W € r(S(TmMt))
g(ALX, PY) = §(h(X.£), PY) and g(AwX, PY) = §(Y, D'(X,W)).

Proof. Using that V is a metric connection and (7), (8), (10) and (13) we obtain
g(h(X, PY),§)=G(Vx PY,{)=—g(Vx§ PY)=g(A: X, PY)—g(h(X,§), PY),

(h(X, PY),W)=4(Vx PY,W)==4(Vx W, PY)=g(Aw X, PY)~§(PY, D' (X, W),

for any X,Y € I'(D), ¢ € T(RadTM), W € T(S(TM*1)). From the preceding

equations, we obtain the result. d

DEFINITION 3.14. A golden STCR-lightlike submanifold of a golden semi-Riemannian
manifold is called mixed geodesic golden STCR-lightlike submanifold if its second

fundamental form h satisfies h(X,Y) =0 for any X € I'(D), Y € I'(D).

THEOREM 3.15. Let M be a golden STCR-lightlike submanifold of a golden semi-
Riemannian manifold (M,g,P)~. Then the distribution M is mized geodesic if and
only if Ap,X € (D) and Vx,PZ =0 for any X € (D), Z € (D).
Proof. From (7) and (8) we obtain

WMX,Z)=P(~Ap, X +V4PZ)+ Ap, X —~V4PZ - VxZ

for any X € I'(D), Z € I'(D). Then, using (15), (16) and transversal part we get
MX,Z) = —wAp,X +CVYPZ —V4PZ =0,
which completes the proof. O

4. Minimal golden STCR-lightlike submanifolds

DEFINITION 4.1 ([2]). We say that a lightlike submanifold (M, g, S(T'M)) of a semi-
Riemannian manifold (M, g) is minimal if:

(i) h* =0 on Rad(T'M) and
(ii) trace h = 0, where trace is written with respect to g restricted to S(T'M).

It has been shown in [2] that the above definition is independent of S(T'M) and
S(TM+*), but it depends on tr(TM).
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THEOREM 4.2. Let M be a totally umbilical golden STCR-lightlike submanifold of a
golden semi-Riemannian manifold (M, g, P). Then M is minimal if and only if M is
totally geodesic.

Proof. Suppose that M is minimal then h°(X,Y) = 0 for any X,Y € I'(Rad(TM)).
Since M is totally umbilical then h!(X,Y)=H'g(X,Y)=0 for any X,Y €I'(Rad(TM)).

Now, choose an orthonormal basis {e1,ea,...,€mn—r} of S(TM). From (14), we get
trace h(e;, e;) = Z eihl(ei,e;) +eih®(es,e;) = e;(m — r)H! 4 ¢;(m — r)H®.
i=1
Since M is minimal and ltr(TM) N S(TM*) = {0}, we obtain H' = 0 and H® = 0.
Therefore M is totally geodesic. The converse is clear. 0

THEOREM 4.3. Let M be a totally umbilical golden STCR-lightlike submanifold of
a golden semi-Riemannian manifold (M,g,p). Then M is minimal if and only if
trace Aw,, = 0 and trace A7 = 0 on Dy L P(S) for W, € T(S(TM™1Y)), where
ke{1,2,...,r} andp e {1,2,...,n —r}.

Proof. By the definition of a golden STCR-lightlike submanifold, M is minimal if and
only if

a b b c
traceh | seran=y_M(Zi, Zi)+y P&, P&)+Y h(PN;, PN;)+> h(PWi, PW)), (27)
=1 j=1 j=1 =1
and h* = 0 on Rad(T'M), where a = dim(Dy), b = dim(Dz) and ¢ = dim(S). Since
M is totally umbilical then from (14), we derive h(P¢;, P¢;) = h(PN,;, PN;) = 0.
Similarly, h* = 0 on Rad(T'M). Thus from (27) becomes

traceh|S(TM) = Z h(Z;, Zi) + Z h(PWl, PWl)

1=1 =1
a 1 T R a 1 n—r ~ .
= Z ; Zg(hl(zu Zi)agk)Nk + Z m Zg(h (Z’ia ZZ)’ WP)WP
1=1 k=1 =1 p=1
c 1 T . B
+D = > G(h (PWy, PW), &) Ni
=1 k=1
C 1 n—r 5 5
—_— g(h*(P P 2
+§n_r;9<h( Wi, PWL), W)Wy, (28)

where {Wy, Wy, ..., W, _,} is an orthonormal basis of S(T'M~*). Using (10) and (13)
in (28), we obtain
a 1 (s a 1 n—r
trace h|s(rar) = Z - Zg(Angiv Zi)Nk+Z p— Z 9(Aw, Zs, Z; )W,
=1 k=1 =1 p=1
C 1 T 5 - C
— g(A: PW,, PW;)N,
+;T;g( & PWi, PW) k+;n—r

n—r

> G(Aw, PWi, PW)W,.
p=1
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Thus trace h |g¢ran= 0 if and only if trace Ay, = 0 and trace Azk =0on Dy L ]5(5)
This completes the proof. O

THEOREM 4.4. Let M be an irrotational golden STCR-lightlike submanifold of a
golden semi-Riemannian manifold (M,g, P). Then M is minimal if and only if
trace A7, [s(rar)= 0 and trace Aw, |scrany= 0, where W), € L(S(TM%Y)), k €
{1,2,...;,r} andp € {1,2,...,n —r}.

Proof. Since M is irrotational, then h*(X,&) = 0 for any X € I'(TM) and £ €
I'(Rad(TM)). Thus h® = 0 on Rad(T'M). Moreover, we have

trace b |s(rar)= Zei{hl(ei, ;) +h°(e;,e;)}
i=1
m—r 1 T R 1 n—r ~ .
:Zéi{; Zg(hl(eiyei),&c)Nk+m Zg(h (eirei), Wp)Wp}, (29)
i=1 k=1 p=1

where {Wy,Ws,...,W,,_,} is an orthonormal basis of S(TM=). Substituting (10)
and (13) into (29), we obtain

m—r 1 i ~ . 1 n—r _
trace b |s(rar)= z; el kz:l 9(Ag,ei, i) Nip + — z; G(Aw, e, e))Wp}.
1= = pP=
Thus the proof is completed. U
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