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A NOTE ON GENERALIZED RECURRENT
RIEMANNIAN MANIFOLD

M. Prvanovié

Abstract. Generalized recurrent Riemannian manifold is a Riemannian manifold whose
curvature tensor satisfies the condition (1). In this paper we prove: If the associated 1-form
satisfies the condition (3), where v # 1 # 2, or, in the case v # const, v, A" # 0, generalized
recurrent Riemannian manifold reduces to a recurrent one.

Let us consider a non-flat Riemannian manifold (M, g) of dimension n > 2,
whose curvature tensor satisfies

ViR = 2A:Riji + AiRrjii + AjRivit + AxRijri + Al Rijier, (1)

where A is a non-zero 1-form and V denotes the operator of covariant differentiation
with respect to the metric g. If besides (1) the curvature tensor satisfies

A Rijii + A Rijir + AiRijrr = 0, (2)
the condition (1) reduces to
ViRiju = 4A: Riji,

i.e. (M,g) is a recurrent manifold. Conversely, every recurrent manifold also sat-
isfies the condition of the form (1). This is the reason for calling the manifold
satisfying (1), generalized recurrent Riemannian manifold. The 1-form A will be
called its associated 1-form.

This type of manifold was introduced by M. C. Chaki [1] and called pseudo-
symmetric manifold by him. We avoid this name because it is used for other type
of manifolds (see for ex. [3]).

In [4] we proved that if the associated 1-form satisfies
Vin = G5 + ’YAiAj7 AtAt = 07

where o and  are some functions, generalized recurrent Riemannian manifold is a
manifold of quasi-constant curvature. We also proved that if o« = 0, i.e. if

V;A; = vAi A, (3)
then A; At = 0.
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The object of this paper is to investigate generalized recurrent Riemannian
manifold satisfying (3). In fact, we shall prove

THEOREM. If the associated 1-form satisfies (3) where v # 1 # 2 or, in
the case v # const, vsA° # 0, vs = 0v/0x®°, generalized recurrent Riemannian
manifold reduces to a recurrent one.

Proof. First, we note that for every generalized recurrent Riemannian space,
the associated 1-form is a gradient and the following is satisfied [4]
vrvsRijkl - vserijkl = Aristkl + ArjRiskl + ArkRijsl + ArlRijks
— AsiRrjii — AsjRirit — Ask Rijri — Ast Rijier, (4)

where we have put A,;, = V,. A, — A, A;.
Using the Ricci identity
VVsRijki — VsViRiju = —RojuiR%isr — Rigki R jsr — Rijai R ksr — Rijka R%1srs
the relation (4) can be written in the form
RojriR%isr + Rigki R jsr + Rijai R ksr + Rijra R 1sr
=AgRjr + AsjRirkt + Ask Rijri + A Rijior
- Aristkl - A'r‘jRiskl - ArkRijsl - ArlRijks~ (5)

Applying the operator V,, and using (1) and (5), we get, after some calcula-
tions,

BsimRrjki + BsjmRirkt + BsimRijri + Bsim Rijkr
— BrimRsjii — BrjmRiskt — BrimRijsi — BrimRijks
+ A R%isr Rjikt + Ao R jsr Rimpt + Aa R ksr Rijmi + Ao R 15 Rijiom
+ AR ki Rmisr — AaR% ikt Rimjsr + AaR1ij Rinksr — Ag R kij Risr = 0,

(6)
where we have put Bijm = 2AmAij + AiAmj + Ainm — VmAij.
But, in view of (3) we have
Bijm = —1mAid; = 2(y = 1)(7 — 2)AiA; A (M)
and
V/CV]AZ — Vjvai = (’}/kAj — 'YjAk)Ai7
or, using the Ricci identity,
AaR% 1 = (mAj — 75 4r) A (8)

In the sequel we shall consider the cases v # const and v = const separately.



A note on generalized recurrent Riemannian manifold 59

The case v # const, 7sA° # 0. First, we note that A'B;j,, = A'Bji,, = 0
because of (7) and A;A' = 0. Also, A®A*R,; = 1A A; Aj, because of (8). Thus,
transvecting (6) with A%, we get

— Brim Ao R it + Brjm AR ikt — Brim AR 1ij + Brim Ao R ki
+ YV A A [Ai Ronjit + Aj Rimit + A Rijmi + AiRijkm]
+AaRajklAsRsrmi_AaRaiklAsRsrmj+AaRalijAsRsrmk_AaRakijAsRsrml =0.
Substituting (7) and (8), we have
A { A ARkt + AjRimit + AcRijmi + A1 Rijim)
+ Ai(veAtAm — 17 AR Am) + A (i Ak Am — v AiAm)
+ Al AiAm — Yk AjAm) + A(imAjAm — v AiAm) } = 0.

Let ¥ be a vector such that A,9" = 1. Then, transvecting the preceding
relation by 97, we get

Ai(Vs A Renjnt + 7V At Am + 11Ym Ak Aj — 1Y Ak Am — Yo Ym AL A;j)
+ A (Vs A° Rimrt + MViArAm + Ve vm At Ai — Vi AdiAm — 71ymArAi)
+ Ap(Vs A® Rijmi + viviAj Am + 7 ym Ai Al — Vi1 Ai Am — Yivm AjAl)
+ A1(Vs A Rijiom + Vi AiAm + YiYmAj A — viveAjAm — 7 YmAiAr) = 0.

This can be written in the form
Al + AjTimu + ArTijomn + AiTijem = 0, (9)
where we have put
Trnjkr = Vs A°Rnjkt + VeV AtAm + ym AeAj — 17 Ak Am — Teym A4
We see that
Tojrt = =Timrts Tkt = Thimj,  Tmjret + Tmkij + Tmije = 0. (10)

Thus, we can use the following lemma ([5], lemma 4).

If A; and T, are numbers satisfying (9) and (10), then either each A; is zero
or each T, is zero.

According to our assumption, A is non-zero 1-form. Thus T}, i = 0, i.e.
Vs A* Rl = MY ArAm + Y Ym A1A; — YV At Am — NYm ArAj,
from which we get
Vs A*(ArRijrr + Ak Rijir + AiRijrr) = 0.

Therefore, if v, A® # 0, the condition (2) is satisfied. But this means that general-
ized recurrent Riemannian manifold reduces to recurrent one.



60 M. Prvanovié

Case v = const, v # 1 # 2. In this case, (7) and (8) reduce to
Bijm = =2y = 1)(y —2)A4;4; A, A R%u; =0
respectively and (6) becomes
Am(AsAiRyji + AsAjRiviy + AsArRijrt + As ARy
— A AiRgjki — AvAjRiskt — ArAgRijo — Ar A Rijis) = 0.
Let ¥ be a vector such that 4;9° = 1. Then, transvecting the preceding relation
with 9™, we find
AsAiR i + AsAjRiviy + AdARRijrt + As A Rijier
— Ay AiRsji — ArAjRisii — Ar Ak Rijsr — Ay AiRijes = 0. (11)
Now, we apply the method used in [2], Proposition 4.1. Let us put
V' Rijrr = Cirt, 90" Raijo = Dy
We see that
Citi = —Cjik, Cjiri+Crij +Cijk =0, Dy; =Dj;, 9°D,; =0.
Transvecting (11) with 9°9%, we get
Rojwi + A;jCrgy + ApClr + AiCgr + A Ciie + ArAyDjy — A, ADj, = 0. (12)
A cyclic permutation of r, k and [ gives
ApCir + A Cjpp + A1 Cjpr =0,
because of which (12) reduces to
Rojii + A;Crp + ArAr Dy — AL A Dj, = 0. (13)

Trnsvecting (13) with 9! we get Crjr = ArDji, — AjD,y. Substituting this into
(13), we obtain

Rrjkl = ArAlek — ATA]CDJ‘Z + AjAkDrl — AjAlDrk.
But this relation implies (2).
This completes the proof of the Theorem. m
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