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Abstract. The purpose of this communication is to define and illustrate the notions
of J (Sσ : G)-summable, J (Sσ : ϑ : G)-summable and J (Nσ : ϑ : G)-summable sequences
in gradual normed linear spaces (briefly abbreviated as GNLP ) and to demonstrate some
connections between their corresponding sequence spaces.

1. Introduction and preliminaries

In this section we collect some basic information of statistical convergence, ideal
convergence, and GNLS.

Fast [2] presented a method of sum for divergent sequences using the density of
subsets of N, called as statistical convergence. The idea is later explored by several
authors including [1,4–7,9,11–14]. “A sequence t = (tk) of numbers is said to converge
statistically to a number t0 if for each ε > 0

lim
n→∞

1

n

∣∣{k ≤ n :
∣∣tk − t0

∣∣ ≥ ε
}∣∣

c
= 0

where
∣∣.∣∣

c
denotes the cardinality of the enclosed set. In this case, we will write

S − limk→∞ tk = t0 or simply tk → t0(S) as k → ∞.”

Let Z+ denote the set of positive integers, l∞, the space of all bounded real
sequences of numbers, and σ : Z+ → Z+ is a map. “ A continuous linear functional
φ on l∞ is called an σ-mean or invariant mean if it satisfies the following:

(i) φ(t) ≥ 0 where t = (tn) with tn ≥ 0 for all n;

(ii) φ(t) = 1 if t = (tn) with tn = 1 for all n and

(iii) φ
(
(tσm(n))

)
= φ(t) if t = (tn) is in l∞.”
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2 Certain generalized limits in gradual normed spaces

The map φ is injective and σm(n) ̸= n, ∀m and n. If the map is defined by
σ : n → n+ 1, then σ-mean is usually called a Banach limit.

Savaş and Nuray [11] used σ-mean to define an interesting generalization of sta-
tistical convergence with the help of lacunary sequences as follows: “Let ϑ = (ϑr)
be a lacunary sequence, i.e., a sequence of positive integers satisfying ϑ0 = 0, hr =
ϑr − ϑr−1 → ∞ as r → ∞. Denote Ir = (ϑr−1, ϑr] and the ratio qr = ϑr/ϑr−1.
A sequence t = (tk) of numbers is said to be lacunary statistically convergent to a
number t0 if for each ε > 0,

lim
r→∞

1

hr

∣∣{k ∈ Ir :
∣∣tσk(n) − t0

∣∣ ≥ ε
}∣∣

c
= 0.

In this case, we write Sσ(ϑ)− limk→∞ tk = t0 or tk → t0(Sσ(ϑ)) as k → ∞.”
Kostryrko et al [8] gave another generalization of statistical convergence using

ideals. “For any nonempty set X, let P(X) denote the power set of X. A family of
subsets J ⊂ P(X) is said to be ideal in X if and only if
(i) for each T1, T2 ∈ J , T1 ∪ T2 ∈ J ;

(ii) for each T1 ∈ J and T2 ⊆ T1 implies T2 ∈ J .
An ideal J is called nontrivial if J ̸= ∅ and X ̸∈ J . The filter F = F(J ) = {X−A :
A ∈ J } is called the filter associated with the ideal J . A non-trivial ideal J ⊂ P(X)
is called an admissible ideal in X if and only if {{x} : x ∈ X} ∈ J . For a non-trivial
admissible ideal J ⊂ P(N), A real sequence t = (tk) is said to be J -convergent to t0
if for each ε > 0, the set A(ε) = {k ∈ N : |tk − t0| ≤ ε} ∈ J . In this case, we write
J − lim

k→∞
tk = t0.”

On the other side, Fortin et al. [3] gave the concept of gradual numbers to deal
with complex uncertainty and vagueness in complex data. They considered fuzzy
intervals as crisp sets of entities instead of fuzzy sets. These numbers have wide
applications in the examination of fuzzy intervals and fuzzy optimization theory. “A
gradual real number ñ is an assignment function Añ : (0, 1] → R. Let G(R) denote
the set of all gradual real numbers. In addition, any ñ ∈ G(R) is said to be positive if
Añ(η) ≥ 0 for η ∈ (0, 1]. Let G∗(R) denote the set of such numbers. For ñ1, ñ2 ∈ G(R),
ñ1 ◦ ñ2 ∈ G(R) is defined by Añ1◦ñ2(η) = Añ1(η) ◦Añ2(η) for η ∈ (0, 1]; where Añ1◦ñ2

denotes the assignment function of ñ1 ◦ ñ2 ∈ G(R). Similarly, ñ1 + ñ2 and cñ1 for
ñ1, ñ2 ∈ G(R) and c ∈ R are defined by Añ1+ñ2

(η) = Añ1
(η) + Añ2

(η) for η ∈ (0, 1]
and Acñ1

(η) = cAñ1(η) for η ∈ (0, 1]. Moreover, if Al̃(η) = l for η ∈ (0, 1], then l̃ is
called the constant gradual real number.” Using the above operations on G(R) Sadeqi
and Azari [10] defined the gradual normed linear space as follows.

Definition 1.1. Let X be a real vector space. The function ||.||G : X → G∗(R) is
said to be a gradual norm on X , if for every η ∈ (0, 1], following three properties are
satisfied for any x, y ∈ X
(G1) A||x||G (η) = A0̃(η) iff x = θ, the zero vector of X ;

(G2) A||λx||G (η) = |λ|A||x||G (η) for any λ ∈ R;

(G3) A||x+y||G (η) ≤ A||x||G (η) +A||y||G (η).
The pair (X , ||.||G) is called a gradual normed linear space or briefly GNLS.



A. Sharma, V. Kumar 3

Let X =Rn and x=(x1, x2, . . ., xn)∈Rn and 0<η≤1. If ||.||G on Rn is defined by

A||x||G (η) = eη
n∑

j=1

|xj |

then Sadeqi and Azari [10] have shown that (X , ||.||G) is a GNLS. “A sequence
w = (tk) in GNLS: (X , ||.||G) is said to be convergent to t0 w.r.t the gradual norm
||.||G , if for every η ∈ (0, 1] and ε > 0, there exist m ∈ N s.t A||tk−t0||G (η) < ε,∀ k ≥ m.
In this case, we write G − lim

k→∞
tk = t0.”

“A sequence t = (tk) in GNLS: (X , ||.||G) is said to be Cauchy w.r.t gradual norm
||.||G , if for every η ∈ (0, 1] and ε > 0, there exists m0 ∈ N s.t A||tk−tm||G (η) < ε,
∀ k,m ≥ m0.”

In this paper, we incorporate certain generalized summability methods, called
J (Sσ : G)-summability, J (Sσ : ϑ : G)-summability, and J (Nσ : ϑ : G)-summability
in GNLS and study some relations between the corresponding sequence spaces.

2. Spaces of Sσ(J : G) summable and Sσ(J : ϑ : G) summable sequences

Throughout this communication, unless otherwise specified, (Ω, ∥.∥G) be any arbitrary
GNLS, σ denotes an invariant mean or σ-mean, ϑ = (ϑr) be any lacunary sequence
and J ⊆ P(N) be an admissible ideal.

Definition 2.1. A sequence ω = (ωk) in (Ω, ∥.∥G) is said to be J -sigma statistical
summable or J (Sσ : G)-summable to ω0 w.r.t ∥.∥G if for ε > 0, γ > 0 and 0 < ζ ≤ 1{

n ∈ N :
1

n

∣∣∣∣{0 ≤ k ≤ n : A∥ω
σk(m)

−ω0∥
G
(ζ) ≥ ε

}∣∣∣∣
c

≥ γ

}
∈ J

uniformly in m = 1, 2, . . . .

We denote it by J (Sσ : G) − lim
k→∞

ωk = ω0 or simply ωk → ω0

(
J (Sσ : G)

)
as

k → ∞. Let [J (Sσ : G)] =
{
ω = (ωk) ∈ Ω : J (Sσ : G)−limk→∞ ωk exists

}
uniformly

in m = 1, 2, . . . .

Definition 2.2. A sequence ω = (ωk) in (|Ω, ∥.∥G) is said to be J -lacunary sigma
statistical summable or J (Sσ : ϑ : G)-summable to ω0 w.r.t ∥.∥G if for ε > 0, γ > 0
and 0 < ζ ≤ 1{

r ∈ N :
1

hr

∣∣∣∣{k ∈ Ir : A∥ω
σk(m)

−ω0∥
G
(ζ) ≥ ε

}∣∣∣∣
c

≥ γ

}
∈ J

uniformly in m = 1, 2, . . . .

We denote it by J (Sσ : ϑ : G)− lim
k→∞

ωk = ω0 or simply ωk → ω0

(
J (Sσ : ϑ : G)

)
as k → ∞. Let [J (Sσ : ϑ : G)] =

{
ω = (ωk) ∈ Ω : J (Sσ : ϑ : G)− limk→∞ ωk exists

}
uniformly in m = 1, 2, . . . .
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Definition 2.3. A sequence ω = (ωk) in (Ω, ∥.∥G) is said to be J -lacunary strongly
σ-summable or J (Nσ : ϑ : G)-summable to ω0 w.r.t ∥.∥G if for ε > 0, γ > 0 and
0 < ζ ≤ 1 {

r ∈ N :
1

hr

∑
k∈Ir

A∥ω
σk(m)

−ω0∥G (ζ) ≥ ε

}
∈ J

uniformly m = 1, 2, . . . .

We denote it by, J (Nσ : ϑ : G)− limk→∞ ωk = ω0 or simply ωk → ω0

(
J (Nσ : ϑ :

G)
)
as k → ∞. Let

[J (Nσ : ϑ : G)]=
{
ω=(ωk) ∈ Ω : J (Nσ : ϑ : G)− lim

k→∞
ωk exists, uniformly m = 1, 2, . . .

}
.

We now give the following example.

Example 2.4. Let Ω = Rm and if ∥.∥G : Ω → G∗ is defined by

A∥t∥G (η) = eη
m∑
i=1

|ti|

where t = (t1, t2, . . . , tm) ∈ X and 0 < η ≤ 1, then (Rm, ∥.∥G) is a GNLS.
Let ϑ = (ϑr) be a lacunary sequence. Define a sequence by

ω =

{
ωk = (0, 0, . . . , 1), (0, 0, . . . , 2) · · · (0, 0, . . . , ⌊

√
hr⌋) for k = σn,

ωk = θ otherwise,

where n = ϑr−1 + 1, ϑr−1 + 2, . . . ϑr−1 + ⌊
√
hr⌋, m ≥ 1, θ = (0, 0, . . . , 0) and ⌊p⌋

denotes the greatest integer of the number p. By the structure of the sequence it is
clear that ω = (ωk) is not bounded w.r.t. the gradual norm ∥.∥G and for ε > 0 and
0 < ζ ≤ 1

1

hr

∣∣{k ∈ Ir : A∥ω
σk(m)

−θ∥G (ζ) ≥ ε
}∣∣

c
≤ ⌊

√
hr⌋
hr

→ 0 as r → ∞.

Thus, for γ > 0{
r ∈ N :

1

hr

∣∣{k ∈ Ir : A∥ω
σk(m)

−θ∥G (ζ) ≥ ε
}∣∣

c
≥ γ

}
⊆

{
r ∈ N :

⌊
√
hr⌋
hr

≥ γ

}
,

and is in J as limr→∞
⌊
√
hr⌋
hr

= 0. This shows that ωk → θ
(
J (Sσ : ϑ : G)

)
. Further,

1

hr

∑
k∈Ir

A∥ω
σk(m)

−θ∥G (ζ) =
1

hr

(⌊
√
hr⌋

(
⌊
√
hr⌋+ 1

)
2

)
→ 1

2
as r → ∞; (1)

so if we choose ε = 1
4 , then by (1){

r ∈ N :
1

hr

∑
k∈Ir

A∥ω
σk(m)

−θ∥G (ζ) ≥
1

4

}
=

{
r ∈ N : ⌊

√
hr⌋

(
⌊
√
hr⌋+ 1

)
hr ≥ 1

2

}
= {r0, r0 + 1, r0 + 2, . . .} ∈ F(J )

by admissibility of J . This shows that ωk ↛ ω0

(
J (Nσ : ϑ : G)

)
.



A. Sharma, V. Kumar 5

Theorem 2.5. [J (Sσ : G)], [J (Sσ : ϑ : G)] and [J (Nσ : ϑ : G)] are linear spaces.

Proof. We prove the result for [J (Sσ : G)] and the other two cases can be proved
similarly. Let ω = (ωk), τ = (τk) ∈ [J (Sσ : G)] and α, β be any two nonzero scalars
(as otherwise, i.e., if α = β = 0 or one of α and β is zero, the case follows easily).
There exists ω0 and τ0 ∈ Ω s.t for each ε > 0, γ > 0 and 0 < ζ ≤ 1

T1 =

{
n ∈ N :

1

n

∣∣∣∣{0 ≤ k ≤ n : A∥ω
σk(m)

−ω0∥
G
(ζ) ≥ ε

|α|

}∣∣∣∣
c

≥ γ

2

}
∈ J

T2 =

{
n ∈ N :

1

n

∣∣∣∣{0 ≤ k ≤ n : A∥τ
σk(m)

−τ0∥
G
(ζ) ≥ ε

|β|

}∣∣∣∣
c

≥ γ

2

}
∈ J ;

uniformly in m = 1, 2, . . . .Let

T =

{
n ∈ N :

1

n

∣∣∣∣{0 ≤ k ≤ n : A∥(αω
σk(m)

+β τ
σk(m)

)−(αω0+β τ0)∥
G
(ζ) ≥ ε

}∣∣∣∣
c

≥ γ

}
,

then T ⊆ T1 ∪ T2 and so in J . This shows that [J (Sσ : G)] is linear space. □

The next theorem permits the following relationships in the spaces [J (Sσ : G)],
[J (Sσ : ϑ : G)] and [J (Nσ : ϑ : G)].

Theorem 2.6. For any sequence ω = (ωk) in Ω, we have the following.
(i) [J (Nσ : ϑ : G)] ⊂ [J (Sσ : ϑ : G)] and the inclusion is proper.

(ii) In addition, if ω = (ωk) is bounded in Ω w.r.t. the gradual norm ∥.∥G and
ωk → ω0

(
J (Sσ : ϑ : G)), then ωk → ω0

(
J (Nσ : ϑ : G)

)
, i.e., [J (Sσ : ϑ : G)] ⊆

[J (Nσ : ϑ : G)].

(iii) [J (Sσ : ϑ : G)]∩ l∞(G) = [J (Nσ : ϑ : G)]∩ l∞(G), where l∞(G) denotes the space
of bounded sequences in Ω w.r.t. ∥.∥G.

Proof. (i) Assume ω = (ωk) in Ω be s.t ωk → ω0

(
J (Nσ : ϑ : G)

)
as k → ∞. For

ε > 0 and 0 < ζ ≤ 1∑
k∈Ir

A∥ω
σk(m)

−ω0∥G (ζ) =
∑
k∈Ir

A∥ω
σk(m)

−ω0∥G (ζ)≥ε

A∥ω
σk(m)

−ω0∥G (ζ) +
∑
k∈Ir

A∥ω
σk(m)

−ω0∥G (ζ)<ε

A∥ω
σk(m)

−ω0∥G (ζ)

≥
∑
k∈Ir

A∥ω
σk(m)

−ω0∥G (ζ)≥ε

A∥ω
σk(m)

−ω0∥G (ζ)

≥ ε

∣∣∣∣{k ∈ Ir : A∥ω
σk(m)

−ω0∥G (ζ) ≥ ε

}∣∣∣∣
c

.

This gives for each γ > 0{
r ∈ N :

1

hr

∣∣∣∣{k ∈ Ir : A∥ω
σk(m)

−ω0∥G (ζ) ≥ ε
}∣∣∣∣

c

≥ γ

}
⊆

{
r ∈ N :

1

hr

∑
k∈Ir

A∥ω
σk(m)

−ω0∥G (ζ) ≥ ε1, ε1 = εγ

}
.
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Since ωk → ω0

(
J (Nσ : ϑ : G)

)
, the later set is in J , which implies the former set

also in J and therefore ωk → ω0

(
J (Sσ : ϑ : G)

)
as k → ∞.

To see the inclusion is strict, please see Example 2.4 above.

(ii) Let ω = (ωk) is bounded w.r.t. ∥, ∥G and ωk → ω0

(
J (Sσ : ϑ : G)

)
. Let M > 0

s.t for for all k, m and 0 < ζ ≤ 1

A∥ω
σk(m)

−ω0∥G (ζ) ≤ M. (2)

For ε > 0, γ > 0
1

hr

∑
k∈Ir

A∥ω
σk(m)

−ω0∥G (ζ) =
1

hr

∑
k∈Ir

A∥ω
σk(m)

−ω0∥G (ζ)≥ ε
2

A∥ω
σk(m)

−ω0∥G (ζ)

+
1

hr

∑
k∈Ir

A∥ω
σk(m)

−ω0∥G (ζ)< ε
2

A∥ω
σk(m)

−ω0∥G (ζ)

≤ M

hr

∣∣∣∣{k ∈ Ir : A∥ω
σk(m)

−ω0∥G (ζ) ≥
ε

2

}∣∣∣∣
c

+
ε

2
by (2)

and so{
r ∈ N :

1

hr

∑
k∈Ir

A∥ω
σk(m)

−ω0∥G (ζ) ≥ ε

}
⊆

{
r ∈ N :

1

hr

∣∣{k ∈ Ir : A∥ω
σk(m)

−ω0∥G (ζ) ≥ ε
}∣∣

c
≥ γ

}
∈ J

(
γ =

ε

2M

)
.

This shows that ωk → ω0

(
J (Nσ : ϑ : G)

)
as k → ∞.

(iii) This is a direct implication of (i) and (ii). □

We now consider the relationships between the spaces [J (Sσ : G)], [J (Sσ : ϑ : G)].

Theorem 2.7. If the lacunary sequence ϑ = (ϑr) satisfies the condition lim inf
r→∞

qr > 1,

then [J (Sσ : G)] ⊆ [J (Sσ : ϑ : G)].

Proof. Let ω = (ωk) be in [J (Sσ : G)] s.t ωk → ω0

(
J (Sσ : G)

)
. Since lim infr→∞ qr >

1 so there exists M > 0 s.t qr ≥ 1 +M for sufficiently large r and therefore we have

hr

ϑr
≥ M

M + 1
Further, for ε > 0 and 0 < ζ ≤ 1, for sufficiently large r and uniformly m = 1, 2, 3, . . .

1

ϑr

∣∣{k ≤ ϑr : A∥ω
σk(m)

−ω0∥G (ζ) ≥ ε
}∣∣

c
≥ 1

ϑr

∣∣{k ∈ Ir : A∥ω
σk(m)

−ω0∥G (ζ) ≥ ε
}∣∣

c

=
hr

ϑr

(
1

hr

∣∣{k ∈ Ir : A∥ω
σk(m)

−ω0∥G (ζ) ≥ ε
}∣∣

c

)
≥ M

M + 1

(
1

hr

∣∣{k ∈ Ir A∥ω
σk(m)

−ω0∥G (ζ) ≥ ε
}∣∣

c

)
.
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This implies that for γ > 0, we have the containment{
r ∈ N :

1

hr

∣∣{k ∈ Ir : A∥ω
σk(m)

−ω0∥G (ζ) ≥ ε
}∣∣

c
≥ γ

}
⊆

{
r ∈ N :

1

ϑr

∣∣{k ≤ ϑr : A∥ω
σk(m)

−ω0∥G (ζ) ≥ ε
}∣∣

c
≥ γM

M + 1

}
.

Since ωk → ω0

(
J (Sσ : G)

)
, so the later set belongs to J and therefore by second

property of the ideal J , the former set belongs to J . Hence, ωk → ω0

(
J (Sσ : ϑ : G)

)
i.e., ω = (ωk) ∈ [J (Sσ : ϑ : G)]. □

In the next theorem, we assume that the lacunary sequence ϑ = (ϑr) satisfies the
following condition: For any set T ∈ F(J )⋃{

n ∈ N : ϑr−1 < n ≤ ϑr, r ∈ T

}
∈ F(J ). (3)

Theorem 2.8. If the lacunary sequence ϑ = (ϑr) satisfies condition lim sup
r→∞

qr < ∞

and (3), then [J (Sσ : ϑ : G)] ⊆ [J (Sσ : G)].

Proof. Let ω = (ωk) ∈ [J (Sσ : ϑ : G)] with ωk → ω0

(
J (Sσ : ϑ : G)

)
as k → ∞. As

lim supr→∞ qr < ∞, so we can find M > 0 s.t qr < M for all r.

For any ε > 0, γ1 > 0, γ2 > 0 and 0 < ζ ≤ 1, define the sets:

T1 =

{
r ∈ N :

1

hr

∣∣{k ∈ Ir : A∥ω
σk(m)

−ω0∥G (ζ) ≥ ε
}∣∣

c
< γ1

}
and

T2 =

{
n ∈ N :

1

n

∣∣{k ≤ n : A∥ω
σk(m)

−ω0∥G (ζ) ≥ ε
}∣∣

c
< γ2

}
.

Since ωk → ω0

(
J (Sσ : ϑ : G)

)
we have ∅ ≠ T1 ∈ F(J ).

For all j ∈ T1, if we define

Kj =
1

hj

∣∣{k ∈ Ij : A∥ω
σk(m)

−ω0∥G (ζ) ≥ ε
}∣∣

c
< γ1.

then for any n ∈ N s.t ϑr−1 < n < ϑr, we can write

1

n

∣∣{k ≤ n : A∥ω
σk(m)

−ω0∥G (ζ) ≥ ε
}∣∣

c
≤ 1

ϑr−1

∣∣{k ≤ ϑr : A∥ω
σk(m)

−ω0∥G (ζ) ≥ ε
}∣∣

c

=

(
ϑ1

ϑr−1

)
K1 +

(
ϑ2 − ϑ1

ϑr−1

)
K2 · · ·+

(
ϑr

ϑr−1

)
Kr

≤
(

ϑr

ϑr−1

)
sup
r∈T1

Kr = qr

{
sup
r∈T1

Kr

}
< Mγ1.

So if we select γ2 = γ1

M , then by the facts that⋃{
n ∈ N : ϑr−1 < n ≤ ϑr, r ∈ T1

}
⊆ T2 and T1 ∈ F(J ),

we have T2 ∈ F(J ). This implies that TC
2 ∈ J and therefore, we have ωk →

ω0

(
J (Sσ : G)

)
. Thus, [J (Sσ : ϑ : G)] ⊆ [J (Sσ : G)]. □
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3. Conclusion

The gradual norm follows a more flexible structure than the classical norm and is used
to model complex problems involving gradual or smooth variations. In the present
work, we define generalized sums in gradual normed spaces, which can be applied to
convergence-related problems where the usual norm is inadequate and a generalized
norm, such as the gradual norm, is more appropriate.

Acknowledgement. We would like to thank the reviewers of the paper for their
valuable comments and suggestions.
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