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Abstract. The purpose of this communication is to define and illustrate the notions
of J(Ss : G)-summable, J(S- : ¥ : G)-summable and J (N, : ¥ : G)-summable sequences
in gradual normed linear spaces (briefly abbreviated as GNLP) and to demonstrate some
connections between their corresponding sequence spaces.

1. Introduction and preliminaries

In this section we collect some basic information of statistical convergence, ideal
convergence, and GNLS.

Fast [2] presented a method of sum for divergent sequences using the density of
subsets of N, called as statistical convergence. The idea is later explored by several
authors including [1,4-7,9,11-14]. “A sequence t = (t;) of numbers is said to converge
statistically to a number ¢ if for each € > 0

1
nlgr;@ HHk <n: |tk —t0| > EHC =0
where HC denotes the cardinality of the enclosed set. In this case, we will write
S —limy 00 t = to or simply tp — to(S) as k — 00.”

Let ZT denote the set of positive integers, l.,, the space of all bounded real
sequences of numbers, and ¢ : ZT — Z1 is a map. “ A continuous linear functional
@ on Iy is called an o-mean or invariant mean if it satisfies the following:

(i) (t) > 0 where t = (t,,) with ¢,, > 0 for all n;

(ii)) p(t) = 1if t = (t,) with ¢, =1 for all n and
(iii) @((tom(n))) = @(t) if t = (t) is in loo.”
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2 Certain generalized limits in gradual normed spaces

The map ¢ is injective and o™ (n) # n, Vm and n. If the map is defined by
o :n —n+ 1, then o-mean is usually called a Banach limit.

Savag and Nuray [11] used o-mean to define an interesting generalization of sta-
tistical convergence with the help of lacunary sequences as follows: “Let ¢ = (9,)
be a lacunary sequence, i.e., a sequence of positive integers satisfying 9y = 0, h, =
¥ — p_1 — 00 as r — oo. Denote I, = (¥,_1,9,] and the ratio ¢, = ¥,./J,_1.
A sequence t = (t) of numbers is said to be lacunary statistically convergent to a
number tq if for each ¢ > 0,

lim f|{]€€] |t0k(n)—t0|26}|620.

r—00
In this case, we write S, (9) — limg_yo0 tr, = to O t — to(Ss (1)) as k — 00.”
Kostryrko et al [8] gave another generalization of statistical convergence using
ideals. “For any nonempty set X, let P(X) denote the power set of X. A family of
subsets J C P(X) is said to be ideal in X if and only if
(i) for each T1,To € J, Ty U T, € J;

(ii) for each Th € J and T> C T} implies Th € J.

An ideal J is called nontrivial if J # ) and X € J. The filter F = F(J) ={X —A:
A € TJ} is called the filter associated with the ideal J. A non-trivial ideal J C P(X)
is called an admissible ideal in X if and only if {{z} : z € X} € J. For a non-trivial
admissible ideal J C P(N), A real sequence ¢t = (;) is said to be J-convergent to to
if for each & > 0, the set A(e) = {k € N: |t} —to| < e} € J. In this case, we write
J — hm tr =to.”

On the other side, Fortin et al. [3] gave the concept of gradual numbers to deal
with complex uncertainty and vagueness in complex data. They considered fuzzy
intervals as crisp sets of entities instead of fuzzy sets. These numbers have wide
applications in the examination of fuzzy intervals and fuzzy optimization theory. “A
gradual real number 7 is an assignment function Az : (0,1] — R. Let G(R) denote
the set of all gradual real numbers. In addition, any 7 € G(R) is said to be positive if
An(n) > 0forn € (0,1]. Let G*(R) denote the set of such numbers. For 71,172 € G(R),
11 o1z € G(R) is defined by Ao, (1) = Ay, (1) 0 A, () for n € (0, 1]; where Ay o,
denotes the assignment function of 7 o 5 € G(R). Similarly, 17 + 72 and ¢y for
11,12 € G(R) and ¢ € R are defined by Ay, 11, (1) = A, (n) + Asiy (1) for n € (0,1]
and Aeq, (1) = cAy, () for n € (0,1]. Moreover, if A;(n) =1 for n € (0,1], then lis
called the constant gradual real number.” Using the above operations on G(R) Sadeqi
and Azari [10] defined the gradual normed linear space as follows.

DEFINITION 1.1. Let X be a real vector space. The function ||.||g : X — G*(R) is
said to be a gradual norm on X, if for every 7 € (0, 1], following three properties are
satisfied for any z,y € X

(G1) Ajja)ls(n) = Ag(n) iff 2 = 6, the zero vector of X;

(G2) Ajaalig(m) = [MA)z) () for any A € R;

) =
(G3) Aljerylio (1) < Ajalig (1) + Ajpyi (0)-
The pair (X, ]].]|g) is called a gradual normed linear space or briefly GNLS.
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Let X=R" and = (21, %2,...,2,) ER™ and 0<n<1. If ||.||g on R™ is defined by

Ajalig (1) = €7 _ ||
j=1
then Sadeqi and Azari [10] have shown that (X,]|.||g) is a GNLS. “A sequence
w = (ty) in GNLS: (X,]|.||g) is said to be convergent to ¢y w.r.t the gradual norm
||llg, if for every n € (0,1] and £ > 0, there exist m € Ns.t Ay, (), (1) <&,Vk > m.
In this case, we write G — klglgo tr =to.”

“A sequence t = (tx) in GNLS: (X,]].||g) is said to be Cauchy w.r.t gradual norm
|.llg, if for every n € (0,1] and € > 0, there exists mo € N s.t Ay, 1, (1) <&,
Vk,m?>mgy”

In this paper, we incorporate certain generalized summability methods, called
J(Ss : G)-summability, J (S, : ¢ : G)-summability, and J (N, : 9 : G)-summability
in GNLS and study some relations between the corresponding sequence spaces.

2. Spaces of S,(J : G) summable and S,(J : ¥ : G) summable sequences

Throughout this communication, unless otherwise specified, (€2, .||g) be any arbitrary
GNLS, o denotes an invariant mean or o-mean, ¢ = (¢,) be any lacunary sequence
and J C P(N) be an admissible ideal.

DEFINITION 2.1. A sequence w = (wg) in (£2,].]|g) is said to be J-sigma statistical
summable or J(S, : G)-summable to wy w.r.t ||.||g if fore >0,y >0and 0< ¢ <1

{néNilHOSkéniAnwk —wo| (C)ZE} 27}6.7
n ok (my ~wollg

uniformly in m =1,2,....

c

We denote it by J (S, : G) — klim wr = wo or simply wr — wo (j(Sg : g)) as
—00
k — oco. Let [T (S, : )] = {w = (w) € Q: T(Ss : G)—limp_,c0 wi exists} uniformly
inm=12,....

DEFINITION 2.2. A sequence w = (wy) in (|Q,].||g) is said to be J-lacunary sigma
statistical summable or J(S, : ¥ : G)-summable to wy w.r.t ||.||g if for e > 0, v > 0
and 0 < (<1

1
{r eN: fTr {k €l : AHMGk(mronG(C) 2 5}

uniformly inm =1, 2, ....

Z’Y}EJ

We denote it by J (S, : 9 : G) —klim Wk = wg or simply wg — wy (J(Sa c g))
—00

as k — oo. Let [J(S,:9:G)] = {w = (wg) €Q: T(Ss:0:G) — limg_ 00 Wi exists}

uniformly in m =1,2,....
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DEFINITION 2.3. A sequence w = (wy) in (€2, ||.||g) is said to be J-lacunary strongly
o-summable or J(N, : ¥ : G)-summable to wy w.r.t ||.||g if for € > 0, v > 0 and
0<(¢<1

1
{7“ eN: . Z A\lwak(m)*wol\g(o > E} eJ

" kel,
uniformly m =1,2,....

We denote it by, J (N, : 9 : G) — limy 00 wi = wo or simply wy — wo (j(NU 2
G)) as k — oo. Let

[J(Ng : 9 : g)]:{w:(wk) €N :J(Ny:90: g)—klim wy, exists, uniformly m = 1,2, ... }
—00
We now give the following example.

EXAMPLE 2.4. Let Q@ =R™ and if ||.||g : Q@ — G* is defined by
Ajeg(n) =€ |t
i=1

where t = (t1,t2,...,tm) € X and 0 < n < 1, then (R™, |.||g) is a GNLS.
Let ¥ = (¥,) be a lacunary sequence. Define a sequence by

w_{wk:(0,0,...,l), (0,0,...,2) -+ (0,0,...,|\/hr]|) fork=o",

wg =0 otherwise,

where n = ¥,_1 + 1,91 +2,...9.-1 + [Vh.], m > 1, 6§ = (0,0,...,0) and [p]
denotes the greatest integer of the number p. By the structure of the sequence it is
clear that w = (wg) is not bounded w.r.t. the gradual norm |.||g and for £ > 0 and
0<(¢<1

[V ]

—0 asr — oo.
R

|
ke I A, 010 () 2 €} <

Thus, for v > 0

hy
{7" €N: ,%Hk €L A, -0 (€) Z €} > V} < {’“ €N: th > 7},

and is in J as lim, _, % = 0. This shows that w; — 0 (J(SU 29 g)) Further,

hi Z Ach,k(m)—QHg(C) = hi ( LVR,] (L;/]TTJ - 1)) — % as r — oo; (1)
" kel T

so if we choose ¢ = 1, then by (1)

[rem: b3 A m0© 2 1} = frem: IR + )2 1)

" kel,
={ro,70+ 1,70 +2,...} € F(J)
by admissibility of 7. This shows that wy - wy (J(Ng 29 g))
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THEOREM 2.5. [J(Ss : G)], [T(Ss :9:G)] and [T (Ny : 9 : G)] are linear spaces.

Proof. We prove the result for [J7(S, : G)] and the other two cases can be proved
similarly. Let w = (wg), 7 = (1) € [J(Ss : G)] and «, 8 be any two nonzero scalars
(as otherwise, i.e., if « = 8 = 0 or one of & and § is zero, the case follows easily).
There exists wg and 79 € Q2 s.t foreache >0,y >0and 0 < (<1

1 €
T, = {n eN: HHO <k<n: ‘AHWak(m)—WOHG(C) > M}

1
TQ:{HEN‘{OSkSﬂAlT’C 77’0“ (C)zs}
n o (m) G

uniformly in m =1, 2, ... .Let

{0 Sk S A (@, BTk ) (w0t Bro) (C) 2 6} > 7},

then T'C T3 UT5 and so in J. This shows that [7 (S, : G)] is linear space. [

The next theorem permits the following relationships in the spaces [J (S, : G)],
[T(Ss:9:G)] and [T (Ng : 9 : G)].

T{nEN:l

n

THEOREM 2.6. For any sequence w = (wi) in 2, we have the following.
(i) [T(Ny :9:G)] C[T(Se: 9 :G)] and the inclusion is proper.

(it) In addition, if w = (wg) is bounded in Q w.r.t. the gradual norm |.|g and
WL — W (J(Sg : 0 :Q)), then wp — wo (j(NOr c 9 g)), ie, [J(Ss : 9 :G)] C
[T (N, =9 :G).

(iii) [T(Sy : 9 :G)]Nlso(G) = [T(Ny : 9 : G)|Nlx(G), where I (G) denotes the space
of bounded sequences in Q w.r.t. ||.||g.

Proof. (i) Assume w = (wy,) in Q be s.t wy — wo (T (Ny : 9 : G)) as k — oo. For
e>0and 0< (<1

Y Al -wle = D A —wols Q) T D A —wolls (€)

kel,. kel,. kel,.
Al ks (my —w0llg ($)2€ Aok g —w0llg () <E
> § : ‘AHWC,k(m)—ong(C)
kel

Al ks (1my —0l g (€)==

> € {k el : AHwﬁk(m)*ong(C) z 6}

c

This gives for each v > 0

1
N: — >
{7“6 I c_v}

1
- {7‘ eN: . Z A“wak(m),woug(g) >e1,61 = Efy}.

kel,

{k €Lt Ao i —wolle () = €}




6 Certain generalized limits in gradual normed spaces

Since wr — wo (j(Nc, BV g)), the later set is in 7, which implies the former set
also in J and therefore wy — wy (j(S(7 19 g)) as k — oo.

To see the inclusion is strict, please see Example 2.4 above.

(ii) Let w = (wy) is bounded w.r.t. ||, |lg and wy — wo (J(So : ¥ :G)). Let M >0
s.t for for all k, mand 0 < (<1

AH“’ak(m)*ong(o < M. (2)
Fore > 0,v>0
! 1
" '; Aol =, kzl: Al oy~ (S
el, GT
Al ey —0llg ()2 5
1
' hy Z AH‘”U’“(m)“*’OHg (©)
" kel,

'AHwak(m)*wo g (<)<%

S
{k’ S I'r : AHwﬂk(m)*cUOHg(C) 2 2} +

c

M
< =
~h

T

| ™

and so

1
{'r eN: . Z A|\w0,€<m>—w0||g(o > 6}

" kel

1 €
C {r eN: h—r|{k el : AHwak(m)—WOHg(C) > 5}|c > ’y} € j(’y = 2M>
This shows that w, — wo (J(NL7 20 g)) as k — oo.
(iii) This is a direct implication of (i) and (ii). U

We now consider the relationships between the spaces [J (S, : G)], [T (Ss : ¥ : G)].

THEOREM 2.7. If the lacunary sequence 9 = (9,.) satisfies the condition lirginf g > 1,
then [T (Ss : G)] C [T (S, : 9 : G)].

Proof. Let w = (wg) be in [T (Sy : G)] 8.t wp — wy (._7(50 : g)) Since lim inf,_, o g, >
1 so there exists M > 0 s.t ¢, > 1 + M for sufficiently large r and therefore we have
h M

>

9 T M+1
Further, for e > 0 and 0 < ¢ < 1, for sufficiently large r and uniformly m = 1,2,3,...

1 1
E‘{k‘ < A“wak(m)*wOHQ(C) > 8}’0 > E’{k el : Al\wmmrwong(é‘) > el
h. (1
=5 <hr|{k €L Ao, y-wolle (€) = s}|c>
M

1
M1 (mHk € I A -nllo (€) = 5”6)'

C

>
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This implies that for v > 0, we have the containment

1
{T eN: h7|{k € IT : AHWUk(,,,L)_UJOHQ(C) 2 6}|c 2 ’Y}

1 M
- {r eN: ﬁ—er <Y, : Auwak(m)—wol\g(o 2 €}|c = M+ 1}'

Since wp — wy (J(SU : g)), so the later set belongs to J and therefore by second
property of the ideal 7, the former set belongs to J. Hence, wy — wy (J(So VN g))
Le, w=(wg) € [T(Sy:9:G). 0

In the next theorem, we assume that the lacunary sequence ¥ = (¢,) satisfies the
following condition: For any set T' € F(J)

U{neN:ﬁr1<n<19r,r6T}6.7—'(j). (3)

THEOREM 2.8. If the lacunary sequence 9 = (U,) satisfies condition limsup g, < oo
r—o0o
and (3), then [T (S, : 9 :G)] C [T (Ss : G)].

Proof. Let w = (wy) € [T(Sy : 9 : G)] with wy, = wy (T (S :9:G)) as k — co. As
lim sup, _, . ¢r < 00, so we can find M > 0 s.t ¢, < M for all r.
For any € > 0, 71 > 0, 72 > 0 and 0 < ¢ < 1, define the sets:

1
T, = {r eN: h—’{kz el : Al\wakmrwol\g(o > €}|C < ’Yl} and

1
T; = {n eN: E‘{k <n: ‘A||wgk(m)—wo\|g(c) > EHC < 72}'

Since wy = wo (J (S5 : ¥ : G)) we have O # Ty € F(J).
For all j € Ti, if we define

1
Kj= E}{k €L Ao, —wolle (€)= e, <m.
then for any n € N s.t ¢,._1 < n < 9,, we can write

1 1

ﬁ|{k S n: Adek(m)—wOHg(C) 2 5}|c S K’{k S 7‘97‘ : AHwak‘(,,L)_WOHQ(C) 2 €}|c
_ 191 192 —191 ’l9T
_<197._1>K1 + ( 9 >K2 + <197-_1)Kr

9y
S( > sup Kr‘]r{ sup Kr} < M.
Vr-1) remy reTy

So if we select o = 37, then by the facts that

U{nEN:ﬁT_1<n§19T,TGT1} CTy, and T € F(J),

we have Ty € F(J). This implies that 7§ € J and therefore, we have wj —
wo (T (S5 :G)). Thus, [J(S,:9:G)] C [T(Ss:G)] O
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3. Conclusion

The gradual norm follows a more flexible structure than the classical norm and is used
to model complex problems involving gradual or smooth variations. In the present
work, we define generalized sums in gradual normed spaces, which can be applied to
convergence-related problems where the usual norm is inadequate and a generalized
norm, such as the gradual norm, is more appropriate.
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